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IIpenuciosue

IMocnennue geTsipe TIaBhl YIeOHUKA, ¢ 5 110 8, He TOJBKO
3apepiiailoT Kypc «Crepeomerpusi» (TeOMETpUH B IIPOCTpaH-
CTBE), HO U IIOBOJSIT YepTY 1101 BCeM KYPCOM IIKOJIBHOM Teo-
MeTpur. HekoTopbIM MKoJIbHUKAaM 00JIbIIe HUKOT/Ia B XKU3HN
He IIpuzeTcsl CTajKuBarbcsl ¢ reomerpueil. Ho 310 BoBce He
O3HauaeT, YTO OHa TaKOW YK HEHYXHBII IIpeiMeT W BpeMms,
MOTpadeHHOe Ha N3yYeHHWe IeOMeTpHH, MOXHO ObUIo OBl nc-
I10JIb30BaTh C OoJIbIIel II0JIb30M, U IJIABHOE IIPA M3YUCHUU
IpegMera BoBce He B (opMyJiaxX misl BBIUMCICHUSI OOBEMOB
MHOTOI'DaHHMKOB WA KPYIJIBIX TeJl WJIM XK€ B JIOOBIX JIPYIUX
(dbopMyIax u TeopeMax, 3HaHUE KOTOPBIX BCe-TakKu ObIBaeT 110~
JIE3HBIM B OOBIICHHOM XWU3HU IS BeeX 0e3 UCKIIIOUeHUS JI0-
neil. I'maBHOe, uro reomerpust OyneT criocoOCTBOBaTh pPa3Bu-
THIO TaKUX BaXKHEHIIMX KaudecTB, KaK HaOJIOHaTeJIbHOCTD,
IIPOCTPAHCTBEHHOE BOOOpaxXeHWue, I103HAKOMUT YUCHUKOB
C YIMBUATEJILHBIM MUPOM I'€OMeTPUIeCKUX (huryp u rej, Koto-
pHle, IT0 MHEHHIO aBTOpa, JO/DKEeH 3HATh KaXK Bl KYJIbTYpPHBIN
YeJIOBEK.

JlIsl BBIIIYCKHUKOB, KOTOPBIM IIPEICTOUT B JaIbHeHIIeM
u3yyaTb MaTeMaTWKy B BBICIICH IIKOJIE, IMCHHO CTepeoMeT-
pusi 1 0COOCHHO ee T10CIe/IHIe IJIaBhl SIBJISIIOTCS] HanboJee 3Ha-
YyMBbIMH. 3HaHUE UX OyleT II0JEe3HBIM U IIpU U3YUCHUU psilia
pa3zesioB BhICIICI MaTeMaTUKU. 31ech cliellyeT [IONUePKHYTb,
YTO aBTOP CO3HATEJIbHO He BKJIIOUWI B yueOHUK (1axe B Kaue-
CTBE IOIIOJIHUTEILHOI'O MaTepualla) MHOIHe TeopeMbl U Ghop-
MYJIBL, ©3y4aeMble B BBICLICH IIKOJIe, KOTOPbIe NHOTA BBOIST
B IIIKOJILHBIH KYPC JIs1 KJIACCOB C YIIyOIeHHBIM M3yUCHUEeM Ma-
TeMaTHKH aBTOPbI HeKOTOPBIX II0COOUH 1 HepeIKo Iperiojiasa-
TeJIy, IpUIleANIe B KOy U3 By30B. I'opasino BaxHee, 110
MHEHHUIO aBTOpa, Pa3BUTh W yIIyOUTb 0a30BBIN NIKOJbLHBIN
Kypc. Ho ¢ apyroii cropoHsl, oKa3blBaeTcsl, UTO HEKOTOPbIC
WU 3TON «IHCTO MIKOIbHON» reoMeTpur OJIke K COBpeMeH-
HOI HayKe, YeM OCTaBJICHHBIC B CTOPOHE pa3fieJibl By30BCKUX
Kypcos. O6 3TOM, B YaCTHOCTH, paccKas3blBaeTcsl B II0CIIECIIO-
BUHU K YUYCOHUKY.

[TosTroMy mpexiie 4eM paccraTbcs ¢ YIeOHHKOM, 00si3a-
TeJIbHO IIPOUTHUTE, a JIyUlle U3yUuTe 3TO II0CIec/iOBuUe.

ABTOpBIL.
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Oo0mue 3ameuanus K Kypey 11 knacca

Ecim paccmarpusarth Kype 11 Ki1acca B 1ejloM ¢ TOY-
KU 3peHUsI CIOXUBIIeHcs PaKTUKH, TO T1aBHbIMU, Oe3-
yCJIOBHO, siBJsiiorcs riaBbl S u 8. Ho, xotst mis pas-
JUYHBIX 9K3aMEHOB M KOHKYPCOB Marepual rjiaB 6 u 7
OTHOCUTEJIbHO MaJIO3HAUUM, K HUM CJelyeT OTHeCTHUCh
JOCTAaTOUYHO BHUMATEJIbHO. DTH IJ1aBbl OYEHb BaXKHbI JIJIS
Pa3BUTHSI MaTeMaTUiecKoi KyJabTypbl. Kpome Toro, mo
TeMaM IJ1aB 5 ¥ 8 Mbl UMeeM OO0JIbIIYIO U XOPOLLIOo pa3pa-
O00TaHHYIO CUCTEMY 3ajlady, U YPOBEHb OCBOCHUSI ITHUX
IJIaB MOKHO OILICHUTH C [IOMOIIBIO TPAJAUITMOHHBIX KOHT-
POJIBHBIX paboT, B TO BpeMs KakK IIPU U3yUEeHUH IJ1aB 6 U
7 KOHTpOJIb O0JIbIIIeli YacTblO CBOAMUTCS K MPOBEPKE 3Ha-
HUS TEOpeTMYEeCKOro Marepuaja. 3/ecb OYeHb BaXKHO
HaWTU MeTOJbl, MO3BOJISIONINE OTAEIUTh (opMajibHOe
3HaHUE OT SICHOT'O MOHUMAaHHUSI.



I'maBa 5

O06BbeMbl MHOTOTPAHHUKOB (15—18 u)

B aro¥i rmaBe paccMaTpUBaeTCs OJHA U3 BaXXHEUIINX
TeM Kypca reomerpuu «OO0beMbl MHOTOTPAHHUKOB».
U ecnu roBoputh 00 aHAJIOTUAX B Kypcax INIAHUMETPUN
U CTepeoMeTpHuH, TO HanboJiee OTUETIMBO OHU BUIHEI B
teMax «llmomann» m «OO0beMbl». Ha Bcex osramax
LIKOJIbHOTO Kypca MaTeMaTUKU TeOMETPUYECKUE pasie-
Jbl cogepxar 3TU TeMbl. C OCHOBHBIMU CBOMCTBaMU
riomaneid 1 06beMoB, IPOCTEUIIUMHA (hOpPMYJIaMH IS
VX BBIUMCJIEHHUS ydaluecd MO3HAKOMUIUCh yXe B Ha-
YyaJpHOU HIKoJie. TeopeTnueckoe MOCTPOEHUE INIaBhI 5,
[0 CYLUECTBY, NnoBTOopsder paszen «Ilnomanu mHoro-
yroJIbHUKOB» B Kypce «Ilmanumerpun». OCHOBHbBIE
CBOICTBA OOBEMOB, OIpPENC/ICHUSI AaHAJIOTUYHBI CBOMCT-
BaM U OIIpeJCJICHUsAM IUIomaau. Tak Xe Kak UM Tema
«Ilomaaym MHOTOYTrOJbHUKOB» B ILUIAHUMETPUU, TeMa
«O0BbeMbl MHOTOTPAHHUKOB» SIBJISICTCS MHCTPYMEHTOM
JUISL TIOBTOpeHUs. MBI MOXeM paccMaTpuBaTh yxXe W3-
BECTHbIE KOHCTPYKIIAHM 3aj1a4, NpejJiaras B KauecTBe 3a-
JaHus «HalTH 00bem». [10106H0 TOMY Kak B IIJlJaHUMeT-
pUM Mbl paccMaTpUBaly METOJ IUIOIANEH, B CTEpeo-
METpUM Mbl paccMaTpuBaeM MeTo 00beMoB. [1pu sTOM
OCHOBHBIC MIEeW U MOAU(MUKAIIMA 3TUX METOIOB OUE€Hb
CXOJIHBL.

5.1. Y10 Takoe 00bemM?

B srom maparpade maercst onpezeseHue HMOHSITUIO
obbeMa U (bopMyJHpyeTcs ONHO CleACTBHE U3 Olpele-
JIEHU L.

B pesyinbraTe usydeHus 3Toro naparpacda ydaiiyecs
IOJIKHBI:

3HaTh (IIOHUMATBh), YTO TaKOe 00BEM, KAKOBBI €r0 0C-
HOBHBIC CBOMCTBA;

yMeTb OOBSACHSATb, UTO TaKOe OOBbEM, B UeM CXOIACTBO
U pa3anuue MOHATHUI IUIOWAAN U 0ObeMa.



IIpumepHoe n1anHupoBanue

W3syudeHnuto storo naparpada cienyer orsect 1 ypox.
B kauecTtBe JoMalIHero 3ajlaHusl MOXHO IPeJIOXUTh
NMoBTOpUTh TeMmy «[limommanu» U3 Kypca TTaHUMETPUH,
a Takke rinaBy 3 «MHOrorpaHHUKW» U3 Kypca CTepeoMeT-
pUM U pelIieHHbIe paHee 3a/a4y U3 3TOU IJ1aBbl.

5.2. O0bem NpAMOYroJibHOTO
napaJjiejienunena

OcHoBHOe cozepxaHue naparpadga — BbIBOZ (op-
MyJIbl 0ObeMa MPAMOYTOJbHOIO NapajuleseNuIena:

= abc.

Y4eOHbI MaTepuan MOXeT ObITh OCBOEH Ha Pa3HbIX
ypoBHsX. Ha MMHMMaJIbHOM YpOBHE ydalluecs: J0JXKHBL:

3HATh YKa3aHHYIO (popMysy o0ObeMa IPSIMOYTOJbHOIO
napa’suleienunena;

yMeTb ee OOOCHOBBbIBaTb IJIA cay4das, KOrga IJIMHBI
pebep BbIpaXaroTcsl palliOHAJIbHBIMU YMCJIAMMU.

Ha 6oJ1ee BbICOKOM YpOBHE yvaliuecst JOJKHbI:

yMeTb BOCIIPOM3BECTH BBIBOJ (pOpMYyJIbl 0ObeMa Ips-
MOYT'OJIbHOTO TTapaJuleJIeuIIeNa I cliydast, Koraa Jjm-
Hbl pebep — MPOU3BOJIbHbIE YUCIIA.

Cnenyer oOpaTUTh BHUMaHUE Ha TO, YTO IS BBIBOJA
OCHOBHOH (hOpMYJIBI ITpeJijIaraeTcsi HECKOJIbKO UHAs CXe-
Ma, 4eM Ta, KOTOpasl UCIIOJIb30Balach B Kypce IUIaHU-
METPUM IIPU BbIBOAE (HOPMYJIbI ILIOMALU PAMOYTOJIb-
HUKa. B nipuHnmiie MOXHO ObUIO OBI IOYTH JIOCIOBHO
IIOBTOPUTH 3JIECh CTapO€ pacCyXJIEeHUe, PaBHO KaK U
BOCIIOJIb30BAaTbCsl IIPUBEIEHHBIM pacCyXIEHUEM IIpU
BBIBOZIE (DOPMYJIBI ILIOIIAIY IIPSIMOYTOJIbHUKA.

IIpuMepHoe MIaHNPOBaHHE

Ypok 1. BeiBon popmyibl 00beMa TMPSIMOYTOJbHOTO
napasuienenunesna (teopema 5.1).

Ha dowm: nokasaTenbcTBO TeopeMsl 5.1, 3anaun (rocie
§53)Net, 2, 3.

Ypok 2. Pa3bop noMalHero 3aJaHus, IpoBepKa yme-
HUS JOKa3bIBaTh TeopeMy 5.1. Pemenune 3anauu NO 4.
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Ha dom: 3amaun N2 6, 12 (mocie 5.3), MOXHO Tak-
ke No0aBUTh HECKOJbKO 3aqad W3 AOMOJHUTENBHOTO
CIIMCKA.

5.3. O0bem npu3mbl

Conepxanue naparpada — BbIBOJI GOpMYJI 1Jist 00b-
eMa TMPOU3BOJbHOM Mpu3Mbl. OCHOBHOU SIBIsIETCS
dopmysia uz reopembl 5.2. B Havane HyxHasa dopmyJia
JOKa3bIBa€TCsl IS YEThIPEXyroJbHON MpU3Mbl (Mapaj-
nenenunena). [Ipennaraercst uHast cxema, YeM UCIOJb-
30BaBIIASICS B Kypce TUIAHUMETPUU TIPU 10KA3aTeJIbCTBE
dbopMyJIbl ILI0IAJIM IPOU3BOJILHOIO lapajuiesiorpamma.
B nanHoM ciyyae 3TO MMeeT MPUHLMIMAJIbHOE 3Haue-
HUE, TTIOCKOJIbKY TIOIBITKA BOCIIOJIb30BAThCS CTApON UJIe-
efl HaThIKAeTCs Ha CYIIECTBEHHbIE TEXHUYECKUE TPYJI-
HocTtu. ONHAaKO MpeasiaraeMbIM 37ieCh ClIocoOOM BIIOJIHE
MOXHO BOCIOJIb30BAThCS JIJIs1 BBIBOJIA (hOPMYJIBI ILIOIA-
JI1 [IPOU3BOJIBHOTO IIapajllelorpaMMa.

[NonyyeHHast cHavasa 7151 YeTbIPEXyTOJbHONM MPU3MBbI
dbopmyiia 6e3 Tpyza paciipocTpaHsieTcsl Ha TpeyroJibHble,
a 3aTeM U Ha MIPOU3BOJIbHBIE NTPU3MbL. [loe3Hol ¢ Touku
3peHHus] TeOpUU U MPAKTUKU SIBJIsIeTCsl MpocTasi U Jaxe
oueBMiHAsST (hopMyJia BBIYMCICHUSI 0O0ObEeMa TPEYTrOJIbHOM
MpU3MBI Yepe3 IIolaas 60KoBoil rpanu (Teopema 5.3).

B pesysbrare uzyuyenus naparpada yuamumecs J10JK-
HBI:

3HaTh 00e (hopMyJIBl 17151 TUIOUIAAN TPU3MBI.

[1pu 5TOM Ha MUHMMAaJILHOM YPOBHE MOXHO OTPaHM-
YUTHCS JIUIIb 3HAKOMCTBOM C OCHOBHBIM paccyXIeHUEeM,
a Ha GoJiee BBICOKOM HEOOXOAUMO YMeTb [TPOBECTU COOT-
BETCTBYIOIIEE paccyxkjeHue. Yualmecs NOJKHBI TaKXe
yMeTh I[0JIb30BaThcsl obeumu dopmyiaamu. W 3mecs,
MOHATHO, pa3jiduue MeXIy YPOBHSMU OMpeaessieTcs
CJIOXKHOCTBIO pelaeMbIX 3a/ad.

IIpumepHoe nu1anHupoBanue

Ypok 1. Pa3bop nomaiuHero 3aganus. Beisog dopmy-
7Bl 111 0ObeMa TTPOM3BOJIBHON MpU3MBI (Teopema 5.2).
Hoxka3aTteabcTBo TeopeMbl 5.3.

Ha dom: § 5.3, 3amaun Ne 5, 10 (5.3).



Ypok 2. Pazbop nomamHero 3amaHus. Pemenue 3a-
nau N2 8, 7, 13 (5.3).
Ha dom: N2 9, 11, 16.

5.4. lIpunnyun nonodus

Conepxanue nmaparpacda MOXHO pa30uTh Ha JBE He-
Oosbime wactu. OmnpexeneHue 1mogo0ust (masi MHOTO-
FpaHHI/IKOB§ U NpUHLMO Nonodbus (onsTb A MHOTO-
I'PAHHUKOB). 311eCb HEOOXOMMO TOJUEPKHYTb, YTO U TO
U JIpyroe paclpocTpaHsieTcsi Ha pou3BoJibHble Tesa. Ho
IIpY 3TOM OIlpeJiesieHue MOA0OUs IUIsl NPOU3BOJIBHBIX
TeJI CYHIECTBEHHO OTJIMYAeTcsi OT COOTBETCTBYIOIIEro
olpejieJieHus JIIsi MHOTOTPAHHUKOB. AHAJIOIMYHO IU10-
CKOMY CIIy4alo 08a mena Ha3bl8aromcs NOOOOHbIMU, eCU
MEKAY UX MOUKAMU MOKHO YCIMAHOBUNb 83AUMHO-00HO-
3HAUHOE Ccoomeemcmeue, Npu KOmOpoM OMHOUEHUe
PACCMOAHUIL MeXKDY COOMBEMCMBYIOUUMU  MOYKAMU
HOCMOAHHO. DTO OTHOILICHUE PACCTOSIHUNA Ha3blBaeTCs
Koappuyuenmom nodoobus. Ilpu 3TOM COOTBETCTBYIO-
1IM€e YIJIbl B TOAOOHBIX TeJaX paBHBL 37ech clenyeT 3a-
METUTb, YTO 3KBUBAJEHTHOCTb ITUX OIpeesIeHUui s
MHOI'OTPAaHHUKOB XOTS U JIOCTATOYHO OYEBMJIHA, HO €€
IOKa3aTeJbCTBO TpedyeT MpeoloieHHs oNpeleeHHbIX
TeXHUUecKux TpyaHocreil. Ilpexie Bcero, peub ujer o
JI0Ka3aTeJbCTBE TOro, YTO JIBA MHOTOTPaHHUKA, 110100~
Hble B CMbICJIE OllpefesieHus 25, SABII0TC NOoLJ0OHBIMU
U B cMbIcjie ollero onpejesieHus. MOXHO crieliualbHO
He [pMBJIEKaTb BHUMAaHMS ydalllMXcsi K 9TOMY 0OCTO-
ATEJIbCTBY, HO CaM YUUTeJb 3TO NOHUMATh JOJXKEH.

Yro Xe KacaeTcs caMOro MpUHLMNA MOA00Ms, TO OH
BepeH U IJIsl MPOU3BOJIBHBIX TeJl. JIOCTaTOYHO JIMIIb B
dbopMyJIMpPOBKe, TaHHOW B yuyeOHUKE, 3aMEHUTb CJIOBO
«MHOTOTPAHHUKOB» Ha CJIOBO «TeJl».

B pesynbrare uzyuenus naparpacda yyauiecs J0aX-
HBI:

3HaTbh 00e GOPMYJIMPOBKH, TaHHbIE B naparpade (on-
pesesieHre 10J00us ISl MHOTOTPAHHUKOB M Camoro
NPUHIMIA [TOA00MS ISl 00BEMOB), MaBaTh HEOOXOIM-
Mble TIOSICHEHHUS;

yMeTb pellaTh HEecJIOXHbIe 3aJayM, UCMOJb3ysl yKa-
3aHHBIM IPUHLMII.
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IIpumepHoe n1anHupoBanue

I[To teme naparpadga HOCTATOYHO HPOBECTU OOUH
YPOK, Ha KOTOPOM pa3o0paTh ero coiepXaHue U pellinThb
3amaun 1 u 2.

Ha dom: 3anaum 3 u 4.

5.5. O6bem nupamMubl

Conepxanue naparpada — BbIBOJA HOpPMYJIbI 0O0BEMa
mupamuibl. Ciiesyer ckaszarb, 4To opmyna oobema mnu-
paMuIbl ABJSAETCS LIEHTPaJIbHON (POPMYJION HE TOJBKO B
paznene «O0beMbl», HO M BO BCEM Kypce CTEPEOMETPHUN.
Hnes, Ha KOTOpO¥ OCHOBBIBAE€TCS BBIBOJ (DOPMYJIBL, BOC-
XomuT K Apxumeny. Ho eciiu Apxumen nponoJikail rnpo-
1[ecc, KOTOpbIi OH Ha3Ball «METOAOM HCUepIIbIBAaHUS»,
BIIMCBIBAsl BO BHOBb BO3HMKAIOIIME TPEyroJibHble MH1pa-
MUIIbI TPEYTOJIbHBIE [IPU3MBIL, U B pe3yJIbTaTe [PeICTaBIIA
00beM UCXOIHOY MMPaMUALIBI B BUIE CYMMbI 0ECKOHEUHOTO
psifia, TO B yueOHUKe JieslaeTcsl JIMIIb OJMH IepBblid miar
«TpoLenyppl Apxumena», IOCJIE 4Yero Ha OCHOBaHWUU
IIPUHLMIIA [TOZOOUS COCTaBJIsAeTCs ypaBHEHUE ISl NCKO-
Moii BeJurHbl 00beMa. Clriestyer ckas3arh, 4YTO BO BpeMe-
Ha ApxuMeZna OTCYTCTBOBaJ CKOJBLKO-HUOYIb pa3BUTHIN
anreOpanMyecKuii anmapar, ¥ I03TOMY OH B IIPUHLIUIIE HE
MOT BOCIIOJIb30BaThCS «METOJIOM YPaBHEHUI», C KOTOPBIM
CEeroJHs IIKOJbHUKM 3HAKOMATCSA yKe B Ha4aJlbHOH LIKO-
ne. U eme Ha OIVH MOMEHT IOJDKEH 0OpaTUTh BHUMaHUe
yuutenab (MMeHHO yunresb). Kaxercs, uto mpemiarae-
MBIl METOJI ITO3BOJIAET OOOUTUCH MPYU BBIBOAE (POPMYIIbI
o0bema nupaMuzbl 0e3 nHTerpaia. 9To He coBceM Tak. 1o
CYILIECTBY, MJiesi MHTEIPUPOBAHMS OKa3aach «CIIpsTaH-
HOI» B «IPUHLUII Nog00us». B § 6.2 B yueOHMKe NOKa3bI-
BaeTcs, Kak MOXHO BbIBeCTU (HOpMyJly s oObeMa upa-
MU/Ibl, OCHOBBIBasich Ha «npuHuurne Kasanbepu». 3nech
UJesl UHTErpUpPOBaHMs NpsAYeTcs B «IpuHLMI Kapanbe-
py», ABIAIOLIMKICA Oojiee OOMM MO OTHOILIEHUIO K
«IIPUHLIMAILY TIOO0UST».

B pesynbrare nzyuenus naparpada ydamumecs JOJIXK-
HBI:

3HaTbh OCHOBHYIO hbopmyJty (Teopema 5.4) 115t oobemMa
NMpaMyUAbl, IPY 3TOM Ha MAHAMAJIbHOM YPOBHE MOXHO
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OrPaHUYUTHCS 3HAKOMCTBOM C €€ BBIBOJOM; a Ha MOBbI-
IIIECHHOM YPOBHE CJIeIyeT;

yMeTb BOCIIPOM3BECTH BbIBOJ (hopMyiibl. Yualnuecs
IOJIXHBI YMETb BBIYMCIATE 00beM MUpaMUIbI 110 YKa3aH-
HOI hopmyle.

Heob0xoa1umo noguyepKHyTb, YTO YMEHUSs, CBSI3aHHbIE
c dopmyoii (4) u3 5.5, He OrpaHUUMBAIOTCS BBIUMCIEHU-
eM 00beMOB, U CIIMCOK 3TUX YMEHUI He 3aKaHUUBAeTCs B
§ 5.5. B nanpHeiimeM yvyamuMmcs peryJspHO NMPUIETCS
CTaJKMBATbCS € 3alayaMH, B KOTOPBIX HAlO MCIOJb30-
BaTh OCHOBHYIO popmyJly JUIsi 0ObeMa IUpaMuJibl B pas-
JMYHBIX CUTYAllUsIX U B Pa3HbIX METONaX pelieHus (mpu
HENOCPEeACTBEHHOM BBIUMCIEHUM, [JIsl COCTaBJIEHMS
ypaBHEHUH U T. 11.).

IIpumepHoe n1anHupoBanue

Ypok 1. lokazatenbcTBo Teopembl 5.4. 3agauu (5.5)
Ne1, 2, 6.
Ha dom: N2 3, 4,5, 13.

Ypok 2. Pa3bop nomainsero 3ananusi. Hauates perne-
HUe 3a1auu 8.

Ha dom: npopomxurh pemenue 3amaun NO 8. 3xech
clenyeT ckasartb, 4To 3agauu N2 8, 9 u 10 oueHb rpoMo3 -
KM, ITOCKOJIBKY COCTOSIT U3 OOJIBLIOTO YKCia BHELIHE OJl-
HOTHUITHBIX, HO 3HAUUTEJIBHO OTJIMYAIOIIUXCS IPYT OT JIPY-
ra Io cJoXXHocTH 3ana4. [Tone3Ho npenioXuTh yyamym-
¢4 pa3dbutbeda Ha rpynnbel. Kaxnas rpymnmna pemaer cBou
HECKOJIBKO IIYHKTOB YKa3aHHBIX 3ajiad. PedysibraT 5TOM
paboTHI MoJIe3HO 0(POPMUTH B BUIE OOJIBILION TaOIUALIBI U
MOBECUTH B Kylacce. OKOHYaTeJbHOE 3aBepLIeHNe PabOThI
MOXeT OBbITh OTJIOXKEHO JIO KOHIIA TIOJYTO/IMSL.

Ypox 3. O6cyxneHue IpejBapUTe/IbHBIX pe3yJbTa-
TOB 110 3anade N 8. Pemenue 3amaun N 7.

Ha dom: npononxutb paboTy Han 3amadeid N2 8, Ha-
yaTh pabory Hax 3agadamMu N° 9 u 10.

Ypok 4. O6cyxneHue MpelBapUTENbHBIX Pe3yabTa-
TOB TI0 3aj7a49am N2 8, 9 1 10. 3amaga N2 11.

Ha dom: mpomomxuth paboTy Han 3agayamMu NO 8, 9
u 10.

Ypok 5. KonTtposbHas paborta No 1.
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5.6. Boruncienne 00beMOB MHOTOTPAHHUKOB

Or1oT naparpadg HanOoJee HacbhlllleH TeopeMaMH, I10-
Je3HbIMA ISl TpakTUKU. Teopema 5.5 00 OTHOIIEHUH
00BEMOB TPEYTOJIbHBIX IAPAMUJI, BCE BEPLINHBI KOTOPBIX
PacIoJIOXeHbl Ha TPeX NepeceKalouxcs MpsAMBIX, 0000-
I1aeT U3BECTHBIA IUIAHUMETPUIECKU PakT 00 OTHOILIe-
HUM TUIOIIAJIell TPEYroJbHUKOB C BEpLIMHAMM Ha JIBYX
npsiMbIX. JlokazaTesbeTBO 3TON TeopeMbl TaKXKe MCIIOJIb-
3yeT yKa3aHHbIA IulaHuMeTpruieckuil pakt. MoxHO ripe-
JIOXKUTh M HECKOJIbKO MHOE, YeM B Y4YeOHUKe, paccyx-
nenue. (DTO paccyxkaeHrue MOXeT ObITh UCIIOIBb30BaHO U
B manumerpun.) [IpoBepum cHaudana cripaBemIMBOCTb
YyTBEpPXKIEHUs TeopeMbl 5.5 IUIg ciaydasi, Korga y pac-
CMaTpUBAa€eMbIX [TMPaMU]L COBIANAIOT BCE BEPIIMHBI, KPO-
Me onHo#. PaccMotpum ase mupamunbl ABCD u A BCD

(puc. 1). Ilpuuem Touka A, nexut Ha npsamoit DA. He-
TPYIHO yOeIUTbCsl, YTO OTHOLIEHHUE 00 bEMOB TAKUX I1Upa-
MUJI paBHO oTHOLIEHUIO pebep DA : DA,. 3ateM paccMoT-
puM e nupamuabl A BCD n A,B,CD, rae touka B, pac-
nojioxeHa Ha npsmoil DB. OTHolleHWe 0OBbEMOB 3THX
IMpaMHJ, BHOBb paBHO OTHolIeHuIo pedbep DB u DB,.
W nakonen, paccmorpuM Iapy mupamun AB,CD u
AB,C,D, y kotopbIx BepiuuHbl C, C; 1 D jexar Ha OJHOU

npsiMoii. OTHOLIEHHE UX 00bEMOB paBHO oTHOLIeHUI0 DC
n DC,. Tenepb HETPYIHO MOJIYYUTD, YTO OTHOLIEHUE O0B-
emoB nupamua ABCD u AB;C|D paBHO 11pOU3BeIEHUIO
DA DB  DC
DA, ‘DB, 'DC,
HUE TeopeMblI 5.5 (C TOYHOCTBIO 10
0003HAUCHMIA).

Yacro ucrosbdyercss Ha Ipak-
TUKe U TeopeMa 5.6 00 oOwbe-
Me ONKUCAHHOTO MHOTOTPaHHMKA.
OcobeHHO ynobOHa 3Ta Teopema
IJI. HaXOXIEeHMsl pajuyca Iuapa,
BIIMCAHHOI'O B MUpaMUIy, He SIB-
JISLIOIYIOCS [TPAaBUJIBHOM.

IBe npyrue Teopemsbl 5.7 u 5.8
MeHee TpaJMLIMOHHBI JUISl HAIUX Puc. 1

. UIMeHHO B 3TOM U COCTOUT YTBEpXKIe-

11



KypcoB cTepeomeTpuu. B teopeme 5.7 BeiBomutcs ¢Gop-
MyJa Juis o0bema TpeyroJbHOM IMpaMu/ibl yepes JUIMHY
pebpa, ruIolaxy cojiepKalux ero rpaHeil 1 CUHyC ABY-
I'PAHHOIO yIja Mexay HUMU. DTa TeopeMa JaeT crocod
HaxOXJEeHUSA IBYTPaHHOIO YIja IMpaMUIAbl, KOTOPBIH
HepeIKO HCIoNb3yeTcsa Ha INpakTuke. Hano Tonpko He
3a0bIBaTh, YTO 110 CUHYCY Mbl HAXOJ/IUM J1Ba YIJjla: OCTPbIH
U Tynoii. ITo3ToMy HY>XHBI JIONIOJHUTENbHbIE HCClIe/10Ba-
HU$ JUISL TIOJIYYEHMS OTBeTa.

B pesyabraTte nsyyeHusa atoro naparpada ydamuecs
JIOJIKHBI:

3HaTh (hakThl, cPOPMYJIMPOBAHHbIE U JOKa3aHHbIE B
atoM naparpade. C TOUKM 3peHUsI MUHUMAJIbHOTO YPOB-
Hs TJIABHOU siBJIsieTcst TeopeMa 5.6 (00 oObemMe omnucaH-
HOTO MHOTOrpaHHuka). st GoJjiee BBICOKOTO YPOBHSI
cielyer TpeboBaTh YMEHUsI IIPOBECTH BCe HEOOXOIUMbIe
IOKa3aTeJbHbIE PacCyXIEHUs.

Ha muHMManbsHOM ypoBHE crienyer

yMeTb peliarh IpocTeiliine 3ajauu Ha IpsMoe Uc-
110JIb30BaHME UMeroluxcs B naparpade teopem. Ha 6o-
Jiee BbICOKOM YPOBHE HaJl0 YMeTb KCIIOJIb30BaTh IaHHbIE
TeopeMbl B 0oJiee CIOXHBIX cuTyauusax. OO0 atom ObLIO
CKa3aHO BbIllle, KOTJa JaBaJMCh KOMMEHTAapUu K Teope-
Mmam. CoJiepxkaTesibHbIE 3a/1a4U Ha 3Ty TeMy [IPUBOJATCS
B cienymomeM naparpade.

IIpumepHoe n1anupoBanue

Ypok 1. Teopema 5.5. Pemenue 3amau N2 5, 7.
Ha dom: 3amaum N2 6, 11.

Ypok 2. Pa3bop nmomaiuHero 3amaHus. Teopema 5.6,
3agava N 8.
Ha oom: N2 1,2, 14.

Ypoxk 3. Pa3bop nomarnero 3ananusi. Teopemsl 5.7 u
5.8.
Ha dom: 3amaun N2 3, 4, 9, 13.

Ypok 4. Pazbop nomaiuHero 3amaHus. PeiieHue 3a-
may Ne 10, 15.

Ha dom: 3amaunm N2 16, 15 u n3 HOHOJHUTEIBHOI'O
CIIMCKA.

12



5.7. Ucnoab3oBaHune CBOICTB 00beMa
MpHU pelmeHnn 3a1a4

DTOT naparpad paccurTaH Ha KJacchl ¢ XOpollieii Ma-
TeMaTUUecKoil MonrotoBkoi. B 3Tux kiaccax ciemyer
BHUMATEJIbHO U3YUNTh 33/1a4M, pa300paHHbIC B ITaparpa-
de, 1 npopemath (pa3obpaTh) OOJNBLIYIO YACTh 3a1a4 B
KoHIlle maparpaca. Pemienust TpynHbix 3amad (T) yuu-
TeJIb JTOJDKEH IpeBApUTEIbHO pa3obpaTh caM (Hampu-
Mep, o 3ToMy nocobuto). M3yuenuto naparpada crieny-
eT oTBecTU 3 ypoka. B KoHIle u3yueHus rjaBbl 5 cienyer
IIPOBECTU KOHTPOJIbHYIO padboTy NO 2.

I[OHOJIHI/ITeJIbH])le 3a1a9Y1 U BOIIPOCHI

1. Haiigure pedpo npaBUIbHOIO TeTpasapa, 00beM KO-
TOPOro paBeH 06beMy eMHUUHOTO Kyba. (~23/3)

2. Haiinute 00beM BBINYKJIOIO MHOTOTpaHHUKA, BEp-
LIMHBI KOTOPOTO COBIANAIOT C cepeJuHaMu pebep

5
napajuesnenunena ¢ oobemom 1. (6)

3. Haiinure 00beM MHOTOrpaHHUKA C BEPIIMHAMY B Ce-
pearHax pedep TpeyroJbHOU NUMpamMuibl ¢ 00bEMOM

(1

4. Haiinure 06beM MHOIOIrpaHHUKA C BEpLIMHAMU B ce-
penuHax pebep 4eTbIpeXyroJbHOM MupaMuibl 00b-

ema 1. (g]

5. Hwmeerca napannenenunesn ¢ oobemoM 1. Haiinure
00beM BbIITYKJIOIO MHOIOI'PaHHMKA, YETbIpe BepLIU-
Hbl KOTOPOTO COBIAJNAIOT € BEPIUMHAMUA OJHOM rpa-
HU [apaJjulesIeNnIeN1a, a 1B OCTaBIInecs — ¢ IBYMS
IIPOTUBOIOJIOXHBIMUA BEPLIMHAMU [1POTUBOIIOJIOX-

. 2

HOMH rpaHu. (3)

6. Haiinure oObeM napasenenuiesa, 1se rpaHud KOTO-
pOro — poMOBI C YIJIOM 0, @ BCe OCTaBILINECS — eJI1-
HUYHBIE KBaJpaThl. (sin o)

13



7.

10.

11.

12.

13.

14

Haiinute oO0bem napajuienenunesna, Tpyu JUaroHaain
KOTOpPOro MepIeHIUKYJSApHbl U paBHBl @, b U c.

(%abc)

Haiinute o0beM NpsMOYrojbHOIO MapaJjliesenure-
Jla, IMaroHajb KOTOporo pasHa 1, a pebpa oTHOCST-

3
cs,Kak 1:2:3. (—)
714
I'panp ABC mHororpannuka ABCDE sBisercs pas-
HOCTOPOHHUM TPEYI'oJbHUKOM cO cTopoHoi 1. Peo-
pa AD u CE neprieHAUKYJIApHbBI IUIOCKOCTU ABC u
pasubl 1 u 2. Haiiiute o6beM MHOrorpaHHUKa

ABCDE. (?)

JBa ckpeluuBaronmxcs pedpa TpeyrojbHON Mupa-
MuUJIbl paBHbl 1 ¥ 2, a yeTblpe OCTaBLIMXCSl PaBHBI

/2. Haitnure 06beM 310k rnpamuabl. Hatinure Tak-

N3 _ 3

K€ paJiMyc BIIMCAHHOIO B Hee 11apa. ( 6" 1T: ﬁ)

PaccMoTpuM 11poM3BOJIbHYIO IUPAMUJLY U IIPOBEIEM
ceuyeHue IUIOCKOCTbIO, I1apajule/ibHOM ee OCHOBa-
HUIO. MHOrorpaHHUK, OrpaHUYeHHbIH OCHOBaHHEM
JJAHHOW IMpaMujibl U IIPOBEIEHHON IIOCKOCTbIO,
Ha3blBaeTCs yceueHHol nupamudoil. IlapajuiesbHble
IPaHU yCEUEeHHOU MUPaMUIbl Ha3bIBAIOTCS €€ OCHO-
BAHUAMU, A PACCTOSIHUE MEXJly HUMU — BBICOTOU.
Haiinure o0beM yceueHHON NMpamujibl, IUIOLIAAN
OCHOBaHMI KOTOpoi paBHbl S U (J, a BbicoTa h.

(§<S +0+ @))

Bepmuna D tpeyrosbHo#i upamuiisl ABCD nipoek-
TUPYETCA B TOUKY IepecedyeHus BLICOT TPEYTOJIbHUKA
ABC. Pebpa AB u CD paBHbl 3 1 4, a paccTosiHH€
Mmexny Humu 5. Haiinure o6bem atoit mupamust. (10.
Jlokaxxure, YTO AaHHble peOpa MepreHIUKYISIPHBL )

[Inomany ocHoBaHUi pU3Mbl paBHBL S. M3BecTHO,
YTO B IIPU3MYy MOXHO BIIMCaTb LIAp U YTO Paiuyc



14.

15.

16.

17.

aroro mapa paseH 1. Haiinure miomans 00okoBoi
[IOBEpXHOCTU U 00beM 3Toi npusmbl. Ilpu kakux
3HaYeHUsX S 3amayda umeer pewteHue? (bokosas no-
BEPXHOCTb IIPU3MBI paBHa 4§, 3TO cilelyeT U3 TOoro,
YTO KaX/1yl0o OOKOBYIO I'PaHb MOXHO pa3/leJuTh Ha 4
TpeyroJibHUKa ¢ 00111e BepIIMHOK B TOUKEe KacaHusl.
CyMmMa rutonjafied TpeyroJbHMKOB, IIPUJIEXaIluX K
OOKOBBIM peOpaM, paBHa CyMMe ILIOIIANeN, Ipue-
JKalllUX K OCHOBAHMSM, a CyMMa IHocjeqHux — 28S.
OO0beM npusMel paBeH 2S. 3amadya uMeeT pelleHue
npu S > n. CienyeT 3aMeTUTb, YTO IpU S, OJU3KOM
K T, YUCJIO CTOPOH B OCHOBAHMU JIOJIKHO OBITH JIO-
CTaTOYHO BEJIMKO.)

B kakoM oTHOIIEHNN AeauT 00beM NPaBWIBLHON ue-
TBIPEXYTOJIbHOM NUPaMU/Ibl INIOCKOCTb, [IPOXOSIIAs
yepes cepelMHbl IBYX COCeIHUX OOKOBBIX pedep U He
MpUHAIJIeXalYIo 3TUM pedpaM Bepiuuny? (5 : 3)

Tpu pebpa TpeyrojbHOM NupaMu/ibl, BLIXOASIIME U3
OJIHOW BEpIIMHBI, PaBHbI MeX]ly coOoi u paBHbI 13.
Tpu ocraBmmecs pebpa umeroT mauHbel 6, 8, 10.
Haiinute o0beM 3T0O NMpaMuabl, paguyc BIIMCAHHO-

ro napa 1 BCe IByI'paHHbIC YIJIbL. (O6'beM nnpamMuJibl

96, panMyc BIOMCAaHHOIO LIapa

24
%
7+ J0+ g

T . 3 . 3
IPaHHbIC YIJIBL: 5, arcsin — , arcsin—, arcsin ——

2’ J10’ 7 SJ_O

- arcsin%.)

B tpeyronbHoil nupamune SABC pebpa SA u SB
paBHbl. Ilmomanu rpaneit SAC u SBC cootser-
CTBEHHO paBHbl 3 u 5. JIByrpanHHblil yroJ npu pedpe
SA paseH 60°. Haiinute nBYrpaHHBIA yroJ rnpu ped-

pe SB. (arcsm % WIN T — arcsm‘%l—{)g)

B rtpeyrojabHoii nupamuie SABC pebpa SA u SB
paBHbI, JIBYIPaHHbIM yroJj 1pu pebpe SA paseH a,
rowans rpaiu SAC pasHa g. Jlokaxure, 4To ILI10-

15



18.

19.

20.

21.

16

maab rpanu SBC He MeHble, uyeM ¢ sin o. (ITo ¢op-
MyJie TeopeMbl 5.7 Belpa3uTe 00beM NUPaMUILI IBY-
MA criocobamu: depe3 pedpo SA U COOTBETCTBYIO-
1I1e BEJWYMHBI U 4yepe3 pedbpo SB. YuurteiBas, 4To
CUHYC HE IpeBOCXoIuT 1, moayuum Tpedyemoe Hepa-
BEHCTBO.)

Haiinure Hanbonblee 3HaueHue 00beMa NpaBUJIb-
HOM 4YeTHIPEeXyroJIbHOW MMUpaMUIbl, BIUACAHHON B
" 64
€JUHUYHBIN 11ap. (8_1)
Cpenu BceBO3MOXHBIX [IPaBUJIbHBIX 72-yTOJIbHbIX IT1-
paMul, BIIMCAHHBIX B €IMHUYHBIA LIap, pACCMOTPUM

nupamujy ¢ HauboJbuM odbeMoM. JlokaxuTre, 4To
BbICOTA 3TOW MUPaMUIbL HE 3aBUCUT OT 1. YeMy pas-

Ha 5Ta BbIcOTa? (HYCT]) r U b — COOTBETCTBEHHO pa-

JINyC OKPYXKHOCTH, OIMCAHHOU OKOJIO OCHOBaHUS, U
BbicoTa nupaMuabl. OObeM MUpaMuibl paBeH krh,
raie k — kKoa>pduLmMeHT, 3aBuciaiuuii ot n. MmMeer
MecTO cooTHomeHue: 2k = r2 + h2. 3ameHsis r2 B
dbopmyne mig obbema, MOJYy4YUM, UTO HAIO HAKUTH
MaKCHMyM BbIpaxeHusi 2h? — h3. OH mocturaercs

npu h = g)
Ha nByx ckpenmBaommxcs pedpax eIMHUIHOTO Kyba

.1 .
B3SITBI OTPE3KH JUTMHOM 5 . Haiinure o6bem terpasipa

24

Cpenu Bcex eCTUYTOJIbHbBIX TUpaMUl, B OCHOBAaHUU
KOTOPBIX JIEXKUT TPaBUWIbHBIA LIECTUYIOJBLHUK CO
CTOpPOHO# 2, a J1Ba cocellHUX OOKOBBIX pebpa pas-
Hbl 3, BO3bMEM Ty, JUII KOTOPOHM pajuyc ONUCaH-
HOro mapa HauMmenbinuil. Hafimute obbem 2TOid

1
C BEpIIMHaMM B KOHLIAX 3TUX OTPE3KOB. (—)

nupamunbl. (/47 . Paauyc onucaHHOro mapa He Mo-
XeT ObITh MeHbIIe paanyca OKPYXKHOCTH, OIMCAaH-
HOIl OKOJIO OCHOBaHWMS, T.€. HAMMEHBILIN paanyc
paBeH 2.)



22.

23.

24.

25.

Ha ckonbko yacreii AeisiT TpeyrojbHyIo pU3My Bee-
BO3MOXHBIe MJIOCKOCTH, IPOXOJIsiiiNe uepe3 TPU Bep-
umHbl? Hailinure oObeM HauMMeEHBIIEH 4YacTd, €Ciu

00beM Beelil pU3Mbl paBeH 1. ( Paccmorpum npusmy
ABCAB,C,, A,, B,, C,— LIEHTPbI COOTBETCTBYIOLIMX
OoKOBbIX rpaHeit, M u M| — Touku, JeJAIIIe ee 0Ch
Ha TPU paBHbIE YaCTU. YKa3aHHbIE IIOCKOCTU pasje-
JAT IUIOCKOCTh Ha 18 uacreif: nBe mupamuibl Buga

ABCM c obbeMoM é, urectb nupamun suga ABC,M

1
¢ 00beMOM g, tecTh — Buia AB,C,M ¢ 0bbemom

1 1
36> TPu — Buna AA,B,C, ¢ 00beEMOM 1 ¥ MHOTO-

2

1
rpannuk A,B,C,MM, ¢ o6bemom %.)
B npocTpaHCcTBe pacnosioXeHbl TpU MOINAPHO Hep-
NEeHIMKYJISAPHBIX OTpE3Ka, IIPUYeM OJMH U3 HUX Ile-
pecekaeTrcst ¢ IByMs ocTaBIIMMHUCA. JloKaXkHTe, YTO
00bEM MHOTOIpaHHMKA € BEPIIMHAMU B KOHIIAX 9TUX

1
OTPE3KOB paBE€H 6 MMpOU3BEACHUA X IJIUH.

bokoBoe pebOpo npaBUIbHON TPEYroJIbHONW NUpaMU-
Ibl paBHO 1, a ruiomans 6okoBoyi rpanu S. Halinure

00beM NMHUpaMUIbL, €ClH: a) S = 2£75 wim S = ﬁ;
_ 421
06)S = 57

lana TpeyrosibHas IMpaMuza, y KOTOPOH Bce ILIO-
CKH€ YIJIbl IIpY OJHOU BepIIMHE IpsMblE, a pebpa,
BBIXO/JISI1LIME U3 3TOI BepLIMHbI, paBHbI @, b u c. Haii-
auTe pedpo Kyba, ojiHa BeplIMHA KOTOPOIo COBIIA-
JaeT C YKa3aHHOHM BEepLIMHOW, TPU BEPIUMHBI, COCENl-
HUE C Heil, Jexar Ha BBIXOJSIIMX U3 Hee pedpax, a
IIPOTHUBOIIOJIOXHAS BepLIMHA JIEXUAT Ha IIPOTUBOIIO-

JOXHOI rpaHu ___abc
p “\ab + bc + ca

17



KonTtpoabnas padora Ne 1
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Bapuant 1

Haiinure 00bemM NpsAMOYroJabHOTO Napasulesienurie-
Ila, IMaroHaab KOToporo paBHa 1 u oOpa3syer ¢ ABy-
Ms U3 ero pebdep yriel B 60°.

OcHOBaHUAMY NTPU3MBI ABJIAIOTCS IPABUJIBLHBIE LIEC-
TUYTOJbHUKH. [1n0many ogHoONi U3 OOKOBBIX IpaHel
paBHa S, a paccTOSIHUAE IO 3TOW I'PaHU OT LIEHTpa Of-
HOT'O U3 OCHOBaHull paBHO ¢g. Haitiiure o6beM rpus-
MBI.

bokoBoe peOpo npaBUIILHOI TPEYroJbHOU NUpaMU-
nbl paBHO 10, a mowmanb 6okoBoii rpanu 30. Haiinu-
Te 00beM 3TOU NUpaMHIbIL.

Pannyc mapa, BnMCaHHOTO B IPaBUJIbHYIO Y€ThIPEX-
YrOJIbHYIO MMpaMULy, paBeH 1, a ABYrpaHHBIA yrodi
MeXJ1y coce/lHUMU OOKOBBIMU I'paHsiMu paBeH 120°.
Haiinute 06bem 3TO# TUupaMuIbl.

bokoBble pebpa TpeyrosibHON NMUpaMuAbl MOMAPHO
NepreHIuKYJIApHbL. /IBa 13 HUX paBHHI 1 1 2, a mo-
maib OCHOBaHMs paBHa 4. Hailaure o6beM 2To¥ 1m-
paMuIb.

IInockocTh, neprneHauKyJIApHas IMaroHauu Kyoa, ne-
JUT ero o0beM B oTHoIIeHuu 77 : 4. B kakom oTHoI1Ie-
HUM 3T IIOCKOCTD JICJIUT YKa3aHHYIO JUaroHalb?

Bapunanr 2

Haiinure 00beM NpsAMOYroIbHOIO napajlielierurie-
Iia, TMaroHaab KOTOpPOro paBHa 1 1 oOpa3syer ¢ ABY-
Ms U3 ero pedep yrisl B 60° u 45°.

OcCHOBaHUSAMM  TIPU3MBI  SIBJISIIOTCSL  [IPaBUJIbHbBIE
BOCbMUYTOJIbHUKM. Ilnomans ogHoit u3 OOKOBBIX
rpaHeil paBHa S, a paccTosiHMe O 3TOi I'paHU OT
LIEHTpa OIHOTO M3 OCHOBaHUi paBHO m. Haiinute
00beM MPU3MBL

BokoBas cTopoHa MpaBUJIbHON TPeyrojbHON MUpa-
MUIBI paBHa 5, a romanb 6okoBoi rpanu 10. Haii-
IyuTe 00beM 3TON MUPaAMUIBIL.

JIByrpaHHBI yroa Mexnay coceIHUMU OOKOBBIMHU
rpaHsIMU NPaBUJIbHON YeTbIPEeXyroJbHON MUPaMUIbI



paBeH 120°. Ee o0peM paBeH g Haiinure pamuyc

11apa, BIIMCAHHOIO B 3Ty IIUPAMULY.

5. DbBokosble pebpa TpeyrojbHON NUpaMujibl IONAPHO
nepreH uKygpHbl. [hiomanyu n18yx OGOKOBBIX TIpa-
Hel paBHBI 3 U 2, a IUJIOLAlb OCHOBAHUS paBHaA 7.
Haiinute 06bem 3TOM upaMuibl.

6. Ilnockocrtb, nepneHAMKYJSIpHAsl JMaroHajlu Kyoa,
NeJUT ero ooveM B oTHoweHuu 19 : 9. B kakoMm ot-
HOUIECHUU 3Ta IUIOCKOCTb JIEJUT YKAa3aHHYIO JAUAro-
HaJb?

OTBeTH U YKa3aHuAd OJId YUUTEISA

%2 .2.35¢q. 3. Eciv ¢ — 1u10CcKuii yroa

NE

. 3
npy BEepIIMHE, TO sin ¢ = 3 < 5-. U3 57010 CIIeAtyer, 4To

Bapuanm 1. 1.

@ — OCTPBIi YTOJI, IOCKOJBKY B IPOTUBHOM ciIydae oH 0y-
net 6osbine 120°. Omeem: %0 ~260. 4. Ecim y nipaBuiib-

HOI1 4eThIpeXyroJbHOI MUpaMUIbl IBYTPaAHHbIH yros mpu
O6okoBoM pedpe paseH 120°, To ee BbicOTa paBHa MOJIOBU-
He CTOPOHBI OCHOBaHUS, a IBYTPaHHbIe YIJIbl [IPY OCHOBA-
HUU paBHbI 45°. DTO yTBEpXK/IeHUEe MOXKHO I10JIyUUTh pa3-
JuuyHbiMu nyTsamu. Hanpumep, MoxHO oboiitucs 6e30
BCSIKUX BBIUMCIIEHUI, pacCCMOTPEB MUPaMUY C BEpPLIMHON
B LIeHTpe Ky0a U OCHOBaHMEM — rpaHblo Kyba. Omeem:

J10

é (7+542).5. TO . Bocnosnip3yiitech TeM, 4TO B TaHHOM

MpaMujie CyMMa KBaJIpaToB ILIOMaaeli OOKOBBIX rpaHeit
paBHa KBajpaTy IUIOIIAAM OCHOBaHUS (cM. 3amauy 20
u3 1.7). 6. Jlokaxure, 4TO 3Ta [JIOCKOCTb IlepeceKaeT TpU
pebpa, BBIXOIAIIE U3 OTHOTO KOHIIA JuaroHaiu. B mpo-
TUBHOM cJlydyae MeHbllIast 4yacTb umesia bl 00beM Oourbllle,

yeM % oT obbema Kyba. Omeem: 7 : 2.

Bapuanm 2. 1. %2 2. 45¢. 3. 335 4. J2-1.

5.2./2.6.3:1.
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KonTtpoabnas padora Ne 2
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Bapuant 1

Ha pebpax AB, AC u AD nupamunbsl ABCD B34Tbl
Touku K, L 1 M cOOTBETCTBEHHO TaK, 4TO 00beM Iu-
pamunbl AKLM B 12 pa3 MeHblIe oObeMa NUpaMu-
ne1 ABCD. H3BectHO TakXke, 4yTo AK : KB = 1: 3,
AL : LC = 2:3. B kakoMm oTHouieHuu Touka M ne-
Ut pebpo AD?

B TtpeyroapHoii nupamune ABCD pebpa AB u AD
paBHbL, a Iuomanb rpanu ABC B 2 pa3a MeHbIIIE
oy rpauu ACD. JIByrpaHHblii yrod 1pu pedpe
AB pasen 30° a yron npu pedpe AC pasen 110°.
Haiinure nsyrpansblii yroi npu pedpe AD.
H3BecTHO, 4TO B NMpaMHUly MOXHO BIUCATh LIap,
IIpyUYeM painyc apa B 5 pa3 MEHbLIE BbICOTBI 3TOU
nupaMubl. Bo ckKolbKo pa3 00KOBas MOBEPXHOCTD
1MpaMu/ibl OOJIbINE ILIOIIAIM €€ OCHOBAHMS?

B ocHOBaHMM 4YeTHIPEXYrOJbHOW NMUPAMUJBI JIEKUT
poMO co CTOpOHO¥ 1, Bce IByrpaHHbIE YIJIBI IIPU OC-
HOBaHMU paBHbI 45°. KakoB Haubobuii 00beM Ta-
KO nupamu/ipl?

Ha onxom n3 pebep enMHMYHOrO Kyba M Ha CKpelu-
BAIOICHCS C HUM JIMArOHAJIM PACIIOJIOXEHBI JBA OT-

o1 y
pesKka InHO#M 5. Haiinute obbeM TeTpasipa ¢ Bep-

IIMHAMU B KOHIIaX 3TUX OTPE3KOB.
B KaxoM OTHOILIEHNY IEJUT OTPE30K, COeIUHSIOIINN
cepeluHbl pedep AB u CD, n10CcKOCTb, NPOXOAsIIas
yepes AC u jessasi B otHouienuu 1 : 2 pedbpo BD
(ot Touku B)?

Bapunanr 2

Ha pebpax AB, AC u AD nupamunibi ABCD B35iThI
Toukd K, L 1 M coOTBEeTCTBEHHO TaK, UTO O0ObeM ITU-
pamunbl AKLM B 6 pa3 MeHbllle 0ObeMa MTUPAMHUIBI
ABCD. H3BectHo Ttakxke, uto AK:KB = 3:4,
AL : LC = 2:3. B KaKoM OTHOIIIeHUW Touka M ne-
T pedbpo AD?



B tpeyroapHoii nupamune ABCD pebpo AB B 3 paza
6ousble pedbpa AD, a momans rpanu ABC B 2 pa3a
6odbuie ruomann rpauu ACD. JIByrpaHHblid yrou
npu pedpe AB paseH 30° a IByrpaHHBIA yroi Mnpu
pebpe AC — 115°. Haiinute nBYrpaHHBINA YroJ Mpu
pebpe AD.

HzBecTHO, 4yTO B NMMpaMuly MOXHO BIHcaThb Liap,
IIpyuYeM painyc apa B 6 pa3 MEHbLIE BbICOTBI 3TOU
nupamubl. Bo ckosbKO pa3 OOKOBasl MOBEPXHOCTb
NYpaMuUbl OOJIbILE IUIOIANY €€ OCHOBAHUA

B ocHOBaHMM 4eTBIPEXYroJbHOW NMUPaMUABI JIEXUT
poMO co cTopoHOIi 1, Bce IByrpaHHble YIJIbI IPU OC-
HOBaHuUU paBHbI 60°. KakoB HanboIb1INiA 00BbeM Ta-
KO mupaMubl?

Ha onHoM u3 pebep enruHUMYHOro Kyba U Ha cKpe-
LIMBAIOLIENCA ¢ HUM JUaroHaju pacliojoXeHbl 1Ba

.1 1 .
OTpe3Ka JUMHO¥ 5 u 3. Haiinure 0o0beM TeTpasjipa

C BEpIIMHAMHU B KOHLIaX 3TUX OTPE3KOB.
B xkakOoM OTHOIIIEHUM JI€JIUT OTPE30K, COEAUHAIOIIUI
cepeluHbl pedep AB u CD, n10CKOCTb, NPOXOIsIIas
yepe3 AC u gensuias B oTHoweHuu 2 : 3 pebpo BD?

OTBeTH U YKazaHuUud LI YUUTEIS

Bapuanm 1.1.5:1. 2. n— arcsin%. ITo Teopeme 5.7

HalaeM CUHYC HUCKOMOTIO yrJjia. Z[anee BOCITIOJIb3yEeMCS
TEM, UTO CyMMa IABYI'PAaHHBIX YIJIOB TPEXI'PAHHOTO YIJIa

He MeHee T (cM. 3amauy 15 uz 2.4). 3. B 4 paza. 4. %

1
5. 57 6. 1 : 2. 3ameHuTe OTHOLIEHUE OTPE3KOB OTHOIIIE-

HUeM 00beMOB COOTBETCTBYIOIIMX MUpaMuf (cM. puc. 98
u 3a7a4y 2 B TeKcte naparpada 5.7 yueObHuka).

S

Bapuanm 2.1.35:1.2. - arcsin% .3.B5pas. 4.

.3_6.

3
=3
L 6.2:3.



I'maBa 6

OO0BeMbl 1 TOBEPXHOCTH KPYTJIBIX TEJ
(9—10 u)

B 6 rnaBe usyvarorcss 0ObeMbl U NTOBEPXHOCTUA OOBIY-
HBIX IJIS IIKOJIbHOY POrpaMMbl KPYIVIBIX TeJl: LWINHIPA,
KoHyca u mapa (cdepbl). Ho rinaBHBIM sIBIISIeTCS] HE TOJIb-
KO MOJIHBINA BBIBOJ, COOTBETCTBYIOIINX hopMyi. OueHb Ba-
JKEH, eCJIM TaK MOXHO BbIpa3uTbcs, GUI0codCKUR U nie-
OJIOrMYEeCKUi acnekT. Bo-nepBbIx, Npu BbIBOJE (OPMY.I
aBTOp He Ipuderaer K IOHSTUIO MHTErpajla, a UCIoJIb3yeT
JM00 MHTYUTUBHO OYEBHUIHBIN IIpeleNbHbIA Iepexon,
(oObeM LMIMHApa U KOHYCa ), TMOO CTOJIb XK€ UHTYUTUBHO
oueBunHbI npuHLMI KaBaibepu (o0bem mapa). Ilpu
3TOM aBTOpP OIHUpPAETCsl Ha UCTOPUYECKYIO TPaIULIUIO U,
CJIENOBATENIbHO, ClIedyeT 3asBJI€HHOMY B KOHLEILIUN
npuHLUIY uctopusMa. CTosb XKe TpaIuLlMOHHO BBOIATCS
IIOHATHA IUIOIIAMN MOBEPXHOCTH KPYIJIOTO Tejla U BLIBO-
Jsirest cootBercTByomye dopmysisl. Ho B yuebHuke ume-
€Tcs ¥ OIHAa He OYeHb TPaIULIMOHHAs IJI HalluX y4eOHH-
KOB Ules U TeMa, TaKXKe OTHocAllascad K GUIocodpcKo-
UJIC0JIOTMYECKON CTOPOHE TeOMETPUM. DTO MOIBITKA 00-
paTUuTh BHUMaHUe IIKOJIbHUKA Ha TO, YTO IOHATHE ILIO-
anyd IOBEPXHOCTH, M MMEHHO IUIOIIAAN ITOBEPXHOCTH
KpYIJIOTO Tejla, BOBCE HE TaK OYEBHUIHO, KaK 3TO MOXET
MOKa3aThCsl Ha MEPBBI M TOBEPXHOCTHBIN B3I (§ 6.4),
JaXe €CJM Mbl paccMaTpyuBaeM ODOKOBYIO IIOBEPXHOCTD OJ1-
HOI'O U3 MPOCTEMIINX TeN — LWIAHIPA.

Oco0eHHOCTBIO 6 IIaBhI SABJISETCA TO, YTO Ha OOBIYHOM,
yuebOHOM YpPOBHE OCHOBHOM LIEJIbIO SIBJISIETCSI U3yUYeHUe
Teopuy, a He peuieHue 3anad. C 1pyroi CTOpoHbl, B 3TOH
rJlaBe MMEIOTCA OYeHb OOJIbIlIe BOZMOXHOCTHU 11l YPOB-
HeBol quddepeHInaluu U 1o JIMHUY TEOPUH, U 10 JTUHUA
3aznad. 31ech €CTb IOBOJbHO MHOTO CJIOXHBIX 3a1ady, OT-
HOCAIINXCS K BBICIIAM YPOBHSIM OCBOEHU Kypca.

6.1. O0beM HUIMHIPA U KOHYCa

COI[ep}KaHI/Ie naparpa(ba COCTOUT B TOM, YTO B HEM
BBIBOIATCA (I)OpMYJ'IbI ISl oObeMa HUJIMHAPa U KOHYCA.
I[BJ'IEIETCH 9TO IOCPEACTBOM OYEBUIHOI'O INMPpENCIBbHOTO

22



nepexona, ucxons u3 Gopmya st oobeMa IPU3MBI U T1-
pamunbl. bonee Toro, HeOOXOAMMO MOAYEPKHYThH, UTO
3TO Te Xe caMble (popMyJIbl. A UMEHHO, 0ObeM TTPU3MBI
Y LMJIMHAPA BBIUMCIISIETCS IO OHOM 1 TOM Xe dopmyie,
TaK e Kak 00beM nupaMuiibl 1 Konyca. C TOUKM 3peHuUsI
onpeneseHuit (cM. § 3.1) B MUPOKOM CMBICIE TTpU3Ma
ecThb [WJIMHJIP, & MpaMuia — KOHYC.

3ameuanue. Cueayer Takxe MNOJYEPKHYTb, 4YTO
yKa3aHHble HOPMYJIbl OOBEMOB BBITIOJHSIIOTCS JUIS TTPO-
M3BOJIbHBIX LMJIMHIPOB U KOHYCOB, OCHOBaHHUSIMU KOTO-
PBIX SIBJISIIOTCSI IPOU3BOJIbHBIE (DUTYPHIL.

B pesysbrate usyuenust 3Toro naparpada ydammecs
TOJKHBI:

3HaTh COOTBETCTBYIOIINE (GOPMYJIBL;

yMeTb MX BBIBOJMTbH U MOJIb30BATHCSI UMM TIPU peliie-
HUM 3a1a4.

Usyuenmio mnaparpada cienyer MOCBATHTb OAWH

YPOK.
Ha dom: 3amaun NQ 2, 3, 4 13 3ay1a4 K 6.2.

6.2. IIpuauun Kasajabepu u 00bem mapa

Conepxanue naparpada coctoutr B (POpMyJIUMPOBKE
npuHiuna Kasajgbepu U BbIBOJE € €ro MOMOUIBIO Gop-
MyJiel oObema wmapa. [Ipunuun Kasanbepu nuib ¢op-
MyJMpyeTcs, HO He HokasbiBaeTcad. CTOUT MOSACHUTDH
pebsitaM, UTO B MaTeMaTUKe B COOTBETCTBUM C UCTOPU-
YeCKOH Tpalulyel CyLIecTBYIOT TaK Ha3blBaeMble ITPUH-
uunbl. [o cytu, 310 HebosbLIME TEOPEMBI, B KOTOPBIX
dbopMmyMpyeTcsl BaXHOE M JIOCTATOYHO OYEBUIHOE YT-
BEPXJIEHUE, HACTOJIbKO OYEBUJHOE, YTO €ro MOXHO
NpUHATL Oe3 moKa3zaTeabcTBa. B KauyecTBe mnpumepa
MOXHO IpuBecTd W npuHuun upuxie. IToguepkusas
€ro IIpOCTOTY U OYEBUIIHOCTb, MAaTEMAaTUKU MHoOrna Qop-
MYJMPYIOT €ro B IOJYIIYTOYHOU ¢dopMme, Ha Ipumepe
KPOJIUKOB U KJ1eToK (!): eciii KoJm4ecTBO KPOJIUKOB, CH-
JSIIUX B KJIETKax, O0JblIe Yncia KJIETOK, TO XOTs Obl B
OJIHO KJIeTKe Haxoautest bosiee onHoro Kposuka. (Eciu
B 71 KJIETKaxX CUIUT He MeHbllle YyeM n + 1, TO XOTs Obl
B OJTHOI KJIETKE CHMAMT He MeHee 2 KpoauKoB.) UTo Ka-
caercs npuHiuna Kasaibepu, To OH TakXe BIIOJHE O4e-
BuneH. PaccMoTpuM 1Ba Tesa, yAOBJIETBOPAIOLIUX YCIIO-

23



BUAM, copMyIuMpoBaHHbIM B IpuHuuIle Kapajabepu
(cm. yuebHuK). PaccMoTpum HaboOp MIIOCKOCTEi, apat-
JICJIbHBIX YKAa3aHHOM IUIOCKOCTH, U TaKUX, YTO PacCTos-
HUe MeXIy IByMs COCeIHUMU PaBHO /i, rae h mano. Ec-
JU MBI JJIg KaXIOro Teja U I KaXIOoro cedyeHus I0-
CTPOUM LIMJIMHJP C OCHOBAaHUEM, COBIAJAIOIINUM C 3TUM
CeueHMeM, BbICOTOM A, TO IIOJIyUMM JiBa TeJla, COCTaBJIeH-
Hbl€ U3 TaKUX UUIMHAPOB. OOBEMBI 3TUX T€JI paBHEL, CO-
IJIacHO ycJI0BHIO. M Ipy ymMeHbLIeHUH /1 OHU CKOJIb yTOJI-
HO MaJIO OTJIMYAIOTCS OT OOBEMOB UCXOHBIX TEJI.

Heobxonnmo oOpaTuTh BHUIMaHKE Ha TO, YTO UCIIOJIb-
30BaBIIUICS paHee IPU IIEPBOM BbIBOJAE (HOPMYJIbI JLIs
oObeMa nupamMujibl IIPUHLIMII 110J100Usl, C OJJHOU CTOpO-
Hbl, O0Jilee OYEBUIEH U INPUBbIYEH IJI YUYEHHMKOB, a C
Ipyroi — (popMasibHO fABJIAETCA CleNCTBUEM ITPUHLIMITA
Kasasibepu.

Cnenyer TakXe OOBACHUTb YYEHUKAM, UTO TEPMUH
«TIPUHLIAI» B PYCCKOM S3bIK€ OOBIYHO IIOHUMAETCH B y3-
KOM CMBbICJIE, KaK IIpaBWIO IIOBEJICHMS, HPABCTBEHHBIH
3aKoH (MPUHIMI — NPUHIMIHMAIBHBIN ). Ho 3TO ciioBo B
3anaJHOEBPOIENCKUX S3bIKaX MMeeT MHOIO 3HayeHWH:
NIpaBWJIO, 3aKOH (HayyHbIl), IpUuuuHa U Ap. B naHHOM
cilyyae 0OoJiee BCero IMOJIXOAUT IIOHMMaHUE TepMHHA
«TIPUHIIUI» KaK HAYYHOTO 3aKOHa (IpaBuia).

B pesyisbrare nusydenus naparpadga ydauimecs J10JK-
HBI:

3HaTh GopMyIupoBKY npuHuuna Kasanbepu, ¢op-
MyJly oObeMa 11apa;

yMeTb I0Jb30BaTbcA GOpMysIol oObema Ilapa IpU
pelleHny pa3anyHbIX 3a1a4d. Ha BbICOKOM ypoBHe nipen-
110JIaraeTcsl YMEHUE HaxOAUTb C IOMOIIBIO INPUHIIUIA
Kapanbepy o0beMbl Oosiee CIOXHBIX Tes (CM. 3alaydu B
yueOHUKe).

IIpuMepHoe MIaHNPOBaHHE

Ypok 1. BeiBon opmyiibl 00beMa 1rapa. 3amaua No 1.
Ha dom: N2 5, 6, 11.

Ypoxk 2. O6cyxnenue npunnuma Kasansepu. Beison
¢ ero nomoipio Gopmyisl odbeMa nupamuibl. Pazdop
3amaum 13.

Ha dom: N2 7, 8, 12.
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6.3. ILnomaap NOBepXHOCTH LUJIUHIPA,
KOHYyca u cdepsbl

Conepxanue maparpada: omnpeneleHHe W BbIBOJ
dbopmyJt I IUIoIAaAy MOBEPXHOCTU OCHOBHBIX M3ydae-
MBIX B IIKOJIE Tell.

CnenyeT oOpaTUTb BHUMaHKE, YTO Mbl Pa3JIMYHBIM 00-
pa3oM ornpezesisieM ILIOAY ITIOBEPXHOCTE!H IWIMHIPA U
KOHYCa C OJTHOW CTOpPOHBI U T1apa (cdepbl) — ¢ APYroi.
CylecTBoBaHre pa3BepTKH (IJIOCKOIi) OOKOBOI moBepx-
HOCTM IIWUIMHIpa (MM KOHYyca) MO3BOJISIET HaM €CTecT-
BEHHbIM 00pa3oM cuuTaTh, YTO ILIOLIAAbL OOKOBOI MO-
BEPXHOCTH LMJIMHIpa (WM KOHYyca) paBHA IJIOLIAAU CO-
oTBeTcTBYIOLIEl pazBepTku. [IoBepxHOCTD XKe cepbl Mbl
onpeessieM IOCPEACTBOM IpejieibHOro nepexona. Kak
MOKAa3bIBaeT MPUMEpP, PACCMOTPEHHBIA B CEAYIOIIEM Ma-
parpade, yTBepXJieHue, YTO yKa3aHHbIM B yueOHUKe 00-
pa3oM MbI B TIpeiesie IojiyqaeM MOBEpXHOCTh mapa (Tio-
manb cepsl), BOBce He CTOJIb OUEBUAHO. 3ech clenyeT
o0paTuTh BHUMaHUE HA TO, YTO MbI B KauecTBe ILIOLIAIN
cdepbl M0Iy4aeM BEJNUNHY, He 3A8UCAULYIO OM MO20, Ka-
KuMm 00pazom ymeHnvluaromcs naouadu epaeii. (B to Bpe-
Msl Kak B ripumepe 13 § 6.4 rpejiest CylecTBeHHO 3aBUCUT
oT nporiecca.) MoXHO iaTh MHOH crocob BbBoga (000~
cHoBaHus1) hopmybl TwIowanyu chepol. PaccMotpum aBa
mapa ¢ paauycamu R u R + €, rie € — MaJleHbKOe 4uc-
Jo. O0beM Tejla MEXJy COOTBETCTBYIOIMMU chepaMu

paBeH gn ((R + &)’ - R3) = 4nR% + 4nRe? + gn?}'. [Ipn

MaJIOM € BTOPO€ U TPEThe ClIaraéMoe 3HaUUTEJbHO MEHb-
ute nepsoro. Mimu moxHo npeHeodpeus. C npyroit cropo-
HbI, 00bEM TeJia, OrPaHUUYEHHOTO chepamu ¢ paauycamu
R + £ 1 R, Ipy MaJIOM € MOXHO CUMTATb PABHBIM S 4€, [1Ie

S p — MOBEPXHOCTb chepbl. 3HAUUT, UMEET MECTO paBeH-
— 2 = 2
CTBO S4,€ = 4mR%, oTKyHa S, = 4TR".

IIpumepHoe nu1anHupoBanue

Ypox 1. Beison popMyJt 111 TUIOIIAAA TOBEPXHOCTH
LWJIMHIpPA, KOHyca U cdeppl. 3agauu N2 1,2 u 5.

Ha dom: Ne 3, 4.
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Ypok 2. Pazbop nomamuHero 3amaHus. Ob6cyxiaeHue
dbopMyJBl TUIOMAAK TOBEpXHOCTU ceprl. Pemlenue 3a-
nau Ne6wu 7.

Ha dom: N2 8,13 n15u3 §6.2.

6.4. Canor IlIsapua

OrtoT naparpad cieayeT paccMOTpPeTb B CHJIbHBIX
kjaccax. [loceatute emy oxuH ypok. Ha nom pa3o6-
paTbcs B pacCyXIEHUsIX.

6.5. Ilnomanp noBepxHOCTH
cepuyeckoro nosca

IIpu BbIBOZE DOpMYyJIBI ILUIOIIAZAM TIOBEPXHOCTU che-
PUYECKOro Iosica aBTOp y4eOHUKaA cle/lyeT TPaJAuLlMOH-
HOMH, KJlaccuueckoil cxeme. 3j1ecb He00X0MMO 1o 1YepPK-
HYTb 3CTETUYECKYIO CTOPOHY caMOii (pOpMyJIbl U METOJIa
ee nosydyenus. IloayueHHasa dopmyna odyeHb u3sIIHA
(xommakTHa). Ho camoe ri1aBHOE, OKa3bIBaeTcsi, 4TO JUIS
JAaHHOW cdepbl IuUomaab MOBEPXHOCTU CHEpPUIECKOro
nosica (M B 4aCTHOCTH, chepruecKoii IManouku) moJTHO-
CTBIO OIpENEJIeTCsl BBICOTOM 3TOro Iosica U HUKaK He
3aBUCUT OT PACCTOSIHUA IO LIEHTpa OIPaHUYMBAIOIINAX
IUIOCKOCTEN.

Ha MuHMMaJbHOM YypOBHE MOXHO OIPaHMYMTHCS
3HAHUEM COOTBETCTBYIOIIECH (POPMYJIbI U YMEHUEM I10JIb-
30BaTbhCA € B JOCTATOYHO MPOCThIX cutyauusx. Ha Bbl-
COKOM YPOBHE HEOOXOJMMO yMETh BOCIIPOU3BOIUTDH BbI-
BOIl (POPMYJIBL.

IIpumepHoe n1anHupoBanue

Ypox 1. Beison dopmydbl miomaau cpepuieckoro
nosica.
Ha dowm: § 6.5, Teopusi.

Ypoxk 2. Pemenue 3anau Ne 1, 3, 4.
Ha dom: N2 2 u 5.

Ypoxk 3. KonTpoisbHas padora.
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JlonmoJHUTENbHBIE 321291

1.

Haitnure o0beM LMIMH/Ipa, eciy pajnyc OCHOBAHUS
paBeH 7, a IIoLalb OOKOBO IIOBEPXHOCTU paBHa S.

(557

Haiinure 00beM KOHYCa, €C/JIM paJinyC OCHOBaHU:A
paBE€H r, a TIoaJb 0OKOBOIA IMOBE€PXHOCTU paBHaA S.

r \
(— S22 — 2t
3 )
Haiinure o0beM HMIMHpa, €CJIU pauyCc OCHOBaHUS

TC 3\
paB€H r, a I1JI010a/Ib OCEBOTO CCUYCHUA paBHA S. (z Sr
)

Haiinure o0beM KOHYCa, €C/JIn panyC OCHOBaHU:A

T N
paBeH r, a IJI01I0aab OCEBOIo CCUCHUA paBHa S. (5 Sr
)

Jokaxute, 4TO MJIOCKOCTb, Iepecekaoiiasi 00Ko-
BYIO MOBEPXHOCTb LUWJIMHIPA, NEJIUT ero och, OOKO-
BYIO ITOBEPXHOCTb U O0OBEM B OJTHOM U TOM XK€ OTHO-
ILIEHUH,

JIBa KOHyca UMEIOT O011lee OCHOBaHUE, PalnyC KOTO-

pOro paBeH F, NPUYEM BEPLIMHA OJAHOIO U3 HUX pac-

[10JIOK€EHA BHYTpU Ipyroro. PasHocTb BbICOT paBHaA

o. Haiigure 06beM Tejia, COCTOSIIIETO U3 TOYEK, Jie-

KalMX MexXy OOKOBbIMU [OBEPXHOCTAMM ITUX KO-
1,0

HYCOB. (3 o

Haiinute 00beM u muiomaab NOBEPXHOCTH TeJa, 110~

Jy4darollerocd B pe3yjbTaTe BpallleHUusd €IUHUYHOIO

T2

KBaJlpaTa BOKpYI' €r0 IXMaroHajau. (T)

HMmeercsa TpeyrojbHUK, Bc€ CTOPOHBI KOTOPOTO
pasiauuHbl. PaccMOoTpuM Tpu TeJa, MOJydaloluecs
IIPY BpalllEHU! 3TOrO TPeyroJbHUKa BOKPYI MEHb-
uieil, cpeqHeld U OOJbIIel CTOPOHBI COOTBETCTBEH-
HO. Y Kakoro Tesa o0bem Hambosnbmmii? (Y Tena,
IIOJIyYEHHOI'O B pe3yJbTaTe BpalleHus BOKPYT 00JIb-
1Ieil CTOPOHBL.)
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9.

10.

11.

Nmeercs umimHIp ¢ paauycoM ocHOBaHUS 1 U BbI-
coToii 3. B mJIOCKOCTH ero OCHOBaHU$I PacloyIOXeHa
npsiMasi [ Ha pacCTOSsIHUM 2 OT LIEHTpa OCHOBaHUS.
Yepes npsamyto / IpoXoIUT MJI0CKOCTh, 00pa3yrolias
yroa o < 45° ¢ IJIOCKOCTbIO OCHOBAaHUS U Iepece-
Karolas ocb HuiuHapa. Hailaure o6beM Kaxoi us
yacTei, Ha KOTOpble 3Ta IJIOCKOCTb A€JUAT UWJIUHIP.
(2rtgmu n(3 - 2tg o))

Haiinure o0beM KoHyca, Iiomaib 00KOBOH OBEpx-
HOCTHU KOTOPOT'O paBHa S, a paauyc olMCcaHHOU cde-

pbl R. ( Eciu r, h u [ cOOTBETCTBEHHO pajuyc OCHO-

BAaHMSI, BBICOTA U 00pasyrolast KoHyca, To 2Rh = 2,
nrl = S. 13 5TUX paBeHCTB MoJay4yaeM, 4To

R A L
nl) 2R = 6Rm’,

OcHoBaHMe MPSIMOY TIPU3MbI IPUHAIEXUT KOHYCY.
BhicoTa mpu3Mbl 60Jibllie BHICOTHI KOHYca. Iiolans
OCHOBAHUSI IIPU3MBI paBHa S, a 00pasylolre KoHyca
00pa3yIoT ¢ OCHOBaHWeM yroa o. Haiinure miorianb
JacTU OOKOBOM MOBEPXHOCTH KOHYCA, PACIIOIOXKEH-

_ 1 1
V—31trh—3n(

HOW BHYTPU IIPU3MBL. (cosoc)

KonTtpoabnaa padora Ne 3

1.
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Bapuant 1

Karerpl paBHOOGEAPEHHOrO IPSIMOYTOJBHOIO Tpe-
yrojbHMKa paBHbl 2. Haiinutre obbeM Tena, Moiy-
Yalollerocs py BpallleHu! 3TOro TPeyroJbHUKa BO-
KPYT IPSMOM, IIepIEeHAUKYJISIPHON OJIHOMY U3 KaTe-
TOB M NPOXOIsLIEl yepe3 ero cepeluHy (mpsmas
NPUHALJIEXUT [JIOCKOCTH TPEYTOJIbHUKA ).

BHYTpM LMIMHIpa pacloNoXeHbl TPU PaBHBIX U 10~
napHo Kacawouxcs mapa. Kaxapli map kacaercst
OCHOBaHUI LWJIMHAPA U ero G0KOBOI MOBEPXHOCTH.
Haiinute oTHolleHue obObeMa lapa U oObeMa LU-
JMHJIpaA, a TaKXe OTHOLIEHUE ILIOIIa1 [10BEpXHO-
CTU COOTBETCTBYMIOLLEH cdepbl U IMIOLIAAN MMOJTHON
NOBEPXHOCTU LWJIMHIPA.



OcHoOBaHMS [BYX pPaBHBIX KOHYCOB IpUHaAJeXaT
ofHOM 1ockoct. OCeBbIM CEYEHMEM KaXJIOro $B-
JgeTcd TPEYroJbHUK, OOUH YIroJ KOTOPOrO paBeH
120°, a HauOoublIag cropoHa 2. PaccrosHue mexiy
ocsiMu paBHO 1. BoKOBbI€ TOBEPXHOCTU KOHYCOB I1e-
pecekaorcd. Haiinure paguyc HanOosblIero mapa,
Kacalollerocss OCHOBaHUA KOHYCOB M Kacalolerocs
U3HYTpUA OOKOBOI NOBEPXHOCTU KaXIOTO.

OceBbIM ceyeHUEM KOHycCa SBJISIETCS NPABUJIbHBINA
TPEYIroJbHUK cO cTOpoHOM 2. Paccmotpure cdepy,
paauyc KOTOpOii paBeH paJinyCcy OCHOBAaHMS KOHYCa,
a LIEHTp COBIAJaeT ¢ LIEHTPOM OCHOBaHHUS KOHYyca.
Haiinure nomans noBepxHoCcTH 4actu cepsl, pac-
IIOJIOKEHHOH BHYTPH KOHYyca.

B ocHOBaHMM 4YeTBIPEXyroJbHOW IUpaMUIbl Je-
JKUT NPSIMOYTOJIbHUK co cTopoHamu 1 u 2. Beicora
NMpaMUIbl paBHA 3, U €€ BeplIMHA [IPOEKTUPYETCS
B TOYKY Ha OJHOW u3 cropoH miuHbl 1. Haiinure
o0beM TeJsla, MOJyYalOLIEerocs B pe3yJbTaTe Bpa-
HIeHUs] 3TOW NMpPaMUJIbl BOKPYI JPYIOf CTOPOHbI
IJIAHBI 1.

Bapunanr 2

Haiinure o0beM Teila, Moyvalollerocs: B peayJibTa-
T€ BpallleHNs IPaBUJIbHOIO TPEYTOJIbHUKA CO CTOPO-
HOI 4 BOKpYT €ro cpeJHel JMHUN.

BHyTpu nmimHIpa pacrioioXeHbl YeTblpe PaBHBIX
mrapa. Kax bl map Kacaercs IBYX APYIrux LIapos,
a TakXe OCHOBaHMH ULWJIMHJpAa U ero OOKOoBOW
nosepxHoctu. Hailinure oTHoleHne oobema 1mapa u
o0bemMa LMIMHIPA, a TaKXe OTHOUIEHHWE ILIOIIALN
IIOBEPXHOCTU COOTBETCTBYIOLIEN cephl U MIOIIAAN
[IOJIHOM MOBEPXHOCTHU LIUINHIPA.

OcHoBaHUA [BYX pPaBHbIX KOHYCOB IIpHUHAaIJIE€XaT
ofHOM 1uiockoct. OCEeBbIM CEYEHHMEM KaXJIOro $B-
JseTcs MpaBWIbHBIA TPEyroJbHUK CO CTOPOHOH 2.
Paccrognne Mexny ocsamu paBHO 1. bokoBble mo-
BEPXHOCTH KOHYCOB nepecekalorcsa. Halinure paau-
yc Ham0OoJipLIero Iapa, Kacalollerocs OCHOBAaHMMU
KOHYCOB M Kacalollerocst U3HyTpu 00OKOBOW oBepx-
HOCTU KaXJIOTO.
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OceBbIM ceyeHMeM KOHyca fBJAE€TCS paBHOOEIpEeH-
HBbI TpeyrojbHUK ¢ yriaom 120° u ocHoBaHHEM 6.
Bricora KoHyca ciyxut nuamerpoM cdepnl. Hatinu-
Te IUIOIIANb YaCTA MOBEPXHOCTU ceprl, pacroso-
JKEHHOI BHYTpH KOHYyca.

B ocHOBaHMM 4eTBIPEXYrOJbHOM MUpaMUJIbl JEXKUT
NPsAMOYIOJIbHUK co cTopoHamu 1 u 2. BeicoTa nupa-
MUIBI paBHa 3 U €e BeplLIMHa IPOEKTUPYETCS B TOU-
Ky Ha OIHOW u3 cropoH JuHb 2. Haliaure o6bem
TeJa, MOJIyYaloLerocs B pe3yJjbTaTe BpallleHus 3To!
NMpaMUIbl BOKPYT IPyroi CTOPOHBI IJIMHBI 2.

OTBeTH U YKa3aHuAd OJId YUUTEISA

2 6
"7+2/3 13+ 8.3

Bapuaum 1. 1. gn. 2 3. Paymyc

11apa paBeH paJuycy OKPY>XXHOCTH, BIUCAHHOH B paBHO-
OenpeHHbII TpeyroJabHUK ¢ yriioM 120° u ocHoBaHueM 1.

OH paBeH %tg 15°=1- g 4. (2 - ./3). 5. Bocroinb-

3yiitech pesyibraroM 3ajnauu 13 u3 naparpada 6.2.
OO0mbeMm Tesia paBeH 7.

Bapuanm 2.1.10m.2. 3 (3-2./2). 3. ? 4.3m.5.8m



I'maBa 7

HpaBI/IﬂbeIe MHOTOI'paHHUKU
(4—10 u)

OTa r1aBa 3aHMMaeT ocoboe IOJOXEHHe B Kypce.
C o1HOI#i CTOPOHBI, 110 CJAOXMBIIEHCS (ITOYeMy-TO) Tpa-
IULMU [paBUIbHblE MHOTOTPAHHUKY HE BKJIIOYAIOTCS B
cozepxanue Kypca crepeomerpun. HMckmouenue co-
CTaBJISIIOT JIMIIB [IPABUJIbHBIA TETpasJp U Ky0. D1y Tea
M3y4aloTcs TOCTaTOYHO MOLPOOHO, HO HE € TOYKH 3pe-
HUS UX [IPUHAJIEXKHOCTU K KJIACCY [IPaBUJIbHBIX MHOIO-
rpa”HHuKoB. MiHOra yyamyecs 3HaKOMATCS U ¢ OKTas -
POM, HO OIIATb OKTa3Jp paccMaTpuBaeTcs Kak oObenu-
HEHUE JBYX IPABUJILHBIX YETLIPEXYIOJbHbIX [UPAMUIL.
A Takue 3aMevaTejbHble MHOIOIPDAaHHUKH, KaK IoIe-
KadJp M UKOCadJp, U BOBCE OCTAIOTCS IIPAKTUYECKU
HEU3BECTHBIMU. A C JIpyroil CTOPOHbI, IIPaBUJILHBIE MHO-
TOrpaHHUKU — BaXHeNIlasd 4acTb MHOTOBEKOBOH reo-
MeTpuueckoil KysibTypbl. M 0e3 3HakKoMcTBa ¢ HUMHU
reOMETPUUECKOE 3HAHUE OCTAETCS HEIOJIHBbIM, U JaXKe
OoJjiee TOro, HA 0 KaKoil reoMeTpU4ecKol KyJlbType ue-
JIOBEKA, HE 3HAKOMOTO C IIPaBWIbHBIMU MHOI'OTPAHHUKA-
MU, TOBOPUTb HE IIPUXOJUTCH.

HWmeHHO 1o 570 IpuumnHe, COrJIacHO aBTOPCKOH KOH-
LIeN1HU, B KOTOPO# BaXXHeHIIel LeJblo 00YyYeHHUs SIBJIs-
eTcsl pa3BUTHE I'eOMETPUUYECKON KYJIbTYpbl, B yUeOHUK
BKJIIOUEHA CIIeliuajibHas [JIaBa, IIOCBALEHHas [IpaBuJlb-
HbIM MHOrorpaHHukaM. CaMoil TpyIHOW y4eOHOU mpo-
OaeMolt crano 000CHOBaHUE OCHOBHOIO (hakTa O 4ucie
MpaBUWIbHBIX MHOTOIPaHHUKOB. 3/1€Ch INIaBHOE — HE [0~
NyCTUTb NpodaHalKUKh, ¢ KOTOPOW YacTO MNPUXOLUTCS
BCTpeuarthesl. B KadecTBe «000CHOBaHUS» IIPEAbBIISICT-
cs cleayrollee «paccyXIeHue».

«Bce rpanu 1paBUJIbHOTO MHOTOrpaHHUKA MO0 Tpe-
YIOJIbHUKH, JINOO YETBIPEXYrOJIbHUKH, JUOO MATAYTOJIb-
HUKM (pasymeercsi, IpaBWIbHbIE). YXKe IeCTUyroJbHH-
KU HE MOTYT SBJIATbCA I'PAHSAMU IPABUJIBHOIO MHOTO-
IPaHHUKA, ITOCKOJIbKY IIPU KaXIOH BEpIUMHE NOJIXKHO
CXOAUTBHCS HE MEHee Tpex IpaHei, a CyMMa Tpex YIJoB
MPaBWIBHOTO ILIecTUyroibHUKa paBHa 180°. Ilpu sTom
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€CJI BCe IPaHU TPEYTOJIbHUKY, TO ITPU KaXI0W BEpLIMHE
MOXET CXOIUTbCS He DoJiee ITATU IPaHeid, MATH NpaBUJIb-
HBIX TPEYrOJbHUKOB».

Taxkoe I1ceBIOAOKA3aTEILCTBO BCTpevaercs Jaxe B
HEKOTOpbIX yueOHMKax. M yuureo HeoOX0AMMO YeTKO
IIOHUMaTb, B Ye€M OLIMOOYHOCTb 3TOIO «PacCyXIEHUS».
HNuave MoxXeT BO3HMKHYTb HELOYMEHHE: 3a4eM aBTOP
«HArOPOJAWJI» CTOJIbKO CJIOXHOCTEH, eciii BCE Ipeleb-
HO 1IpocTO?

IIpexne Bcero, cienyer ckazarh, YTO OOBIYHO JaeTcs
HECKOJIbKO MHO€, YeM B ITaHHOM Y4eOHMKe, ompenelie-
HYe ITPaBAJIbHOTO MHOTOI'PaHHHUKA.

IIpasunehoim MHO20SPAHHUKOM HA3bIEACCA 6bINYK-
Jblll MHOROSPAHNUK, 6C€ 2PAHU KOMOPO2O — DABHbLE NPA-
BUIIbHbIE MHOCOY2ONbHUKU, U 8 KAXKOOI 8epuiune cxooum-
Csl OOUHAKOB0Ee HUCI0 pebep.

W3 sT0ro onpeneneHns B caMoM Jiesie CIEAYET, UTo Cy-
LIECTBYET He OoJlee IIATH TUIIOB IIPaBUJIbHBIX MHOTOTpaH-
HUKOB (IO YMCITy CXOMSIIUXCS MPH KaXJOW BepIIdHE
MHOroyrojbHukoB). Ho u3 3Toro BoBce He cienyer, 4To
MHOTOTPaHHUK KaXIOro TUIa CyllecTBYyeT (TeopeMa Cy-
I1IeCTBOBAHMS ), @ TaKXKe YTO Bce MHOTOTPAHHUKHU OJTHOIO
THIIAa OJMHAKOBBI C TOYHOCTBIO IO Moaobus (TeopeMa
enmHCTBeHHOCTH). OHM MOTYT OKa3aTbCsl HEXECTKMMU
(momobHO TOMY, KaK HEXECTKMMH SIBISIOTCS 4YeThbIpex-
YrOJIbHUKM € 3allaHHbIMM cTOpoHamu). Hampumep, pac-
cMOTpuM OKTasap. Kaxmoil BepliuHe oKTasnpa cCOOTBeT-
CTBYET YETbIPEXI'PAaHHBIN YroJl, INIOCKUE YIJIbI KOTOPOro
1o 60°. Ho yerblpexrpaHHblii yroJ, B OTJIMYME OT Tpex-
T'PaHHOTO, HE OIpeleNsaeTcs] CBOUMU IUIOCKAMU YITIAMH.
W He u3 yero He cienyer, YTO NOBEPXHOCTb OKTa3pa, CO-
CTaBJIeHHas U3 8 paBHBIX ITPaBUIbHBIX TPEYTOJbHUKOB, HE
MOXET U3MEHSATBCS U 3a7aBaTh Pa3IMYHbIe MHOTOTPaHHU-
ku. EqvHCTBEHHOCTD OKTasIpa (a Takke MKocasipa, y Ko-
TOPOTO MATUTPAHHBIE YIJIbl) IPU TPAIULIMOHHOM OIlpeie-
JIEHWH [TPAaBAJIbHOTO MHOTOI'PAHHUKA CJIeyeT U3 TEOPEMBI
Kol o XecTKOCTH BBIMYKJIBIX MHOTOrpaHHUKOB. (I1po-
yuTalTE B 9TOM CBA3M pa3jiell B KOHIE yueOHMKa, O3arias-
JeHHbIl «BMecTo rocnecnoBusi».) Dra TeopemMa yTBepXK-
JIaeT, 4TO BBITYKJIbIA MHOIOIPAHHUK, Y KOTOPOTO 3aJ1aHbl
I'PaHU ¥ YKa3aHbI [Tapbl COCEJHUX IPaHeid, eAuHCTBeH. [l
TOrO YTOOBI 30€XaTh CChIJIKM Ha TeopeMmy Korm u coxpa-
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HUTb CTPOTOCTb W3JIOXEHUS, aBTOp NOOaBUJI K Tpalu-
LIMOHHOMY OIIPEJICJICHUIO NPAaBUJIBHOIO MHOI'OIPAHHUKA
OJIHO-€IMHCTBEHHOE U BIIOJHE €CTECTBEHHOE YCJIOBUE: pa-
BEHCTBO JIBYTPaHHbIX YIJIOB. B yueOHUKe «IIpeIbsiBIIsioT-
cs» Bce IIATh BAINOB MHOrOrpaHHUKOB. Camoe IJIaBHOE,
IOKa3bIBaeTcs CYLIeCTBOBaHUE NONeKasipa U UKOcas3apa.
3aTeM 10Ka3bIBaeTCs, YTO KaXKIblii MHOTOTPAHHUK I10JIHO-
CTbIO ornpenesieTcsi ceouMm pedpom. CooTBeTcTByIOLIee
pacCyXJEeHUE OTHOCUTCS K OKTa’Jpy U MKOCasIpy —
€IMHCTBEHHO! ITape MHOTOTPAHHUKOB, Y KOTOPBIX YIJIbI
IIpY BepILIMHAX HE SBJISIOTCS TPEXTPaHHBIMMU.

I'maBa oTHOCUTENBHO HeBeMKa o oobemy. M HecMo-
TP Ha JIOCTaTOYHO HETPaJMLIMOHHOE COIEpKaHHE el
cienyet NOcBATUTD OT 4 1o 10 4. B nonHoii Mepe riaBy
cJle/lyeT U3y4YUTh B CUJIbHBIX KJjlaccax. B cinabbpix — Mox-
HO OIpPaHUYUTBLCS IIPOCTO 3HAKOMCTBOM CO BCEM CeME-
CTBOM IIpaBWJIbHBIX MHOTOrpaHHUKOB. Heobxonumo
MIOAYEpPKHYTb, YTO MHOTME 3alaydd, comepxKalluecsd B
3TOM IJ1aBe, HENPUBBIYHBI ¥ JOCTATOYHO CJIOXHBI TEXHU-
yecku. M maxe B CHUIbHBIX KJlaccaX MOXKXHO He TpeOoBaTh
CaMOCTOSITEJIbHOTO U IOJHOIO PElIeHUs] HEKOTOPbIX 3a-
na4. Ho ripu sToM HeoOx0nmmMo, 94TOObI yunuTesib pa3oo-
pajicd B pelleHudX, JaHHBbIX B 3TOM I0ocoOuHU, U oObsic-
HWJ UX IIKOJbHAKAM. MOXHO T€M WM MHBIM CcIIOcOO0M
Pa3MHOXUTD 3TH PELIEHUS U NPEeIJIOXKUTh IKOJbHUKAM
CaMOCTOSITEIbHO U3Y4YUThb pereHusi. MoXHO, HaKOHell,
IIpeJUIOXKUTD ClleslaTh 3TO HanboJiee CUIIbHBIM, YTODbI Te,
B CBOIO o4Yepellb, OOBSICHUIIM PElIeHUs] CBOUM TOBapu-
niam.

7.1. Onpenenenue NPaBUJIbHOTO
MHOTOTPaHHUKA

7.2.* OrpaHn4eHHOCTb YNCJIa BUIOB
NPaBUJIbHBIX MHOTOTPAHHHUKOB

IIpumepHoe nu1anHupoBanue

D1uM ByM naparpadam cieinyer 1ocBsITUTL 1 ypok.
B cuiibHOM Kilacce rilaBHOe — J0Ka3aTeslbCTBO TEOPEMbL
7.1 u 0ObsICHeHUE ee cMbIcia. B cmaboM — MOXHO orpa-
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HUYUTLCH OIpelesleHUEM IPaBUIbHOIO MHOIOIpDaHHU-
Ka, a 3aTeM PeLIUTb HECKOJIbKO 3ajay Ipo KyO U Ipa-
BUJIbHBIN TeTpasip (Ha YCMOTpEHUE YIUTEIIst).

7.3. TeTrpasap, rekcasap (Ky0), oKTasap

TeopeTquCKoe COHNCPpXKAHNC Haparpa(ba HE3HA4YUn-
TeJabHO. I'TaBHOe — JOKa3aTelbCTBO CyieCTBOBaHU A
OKTasJpa. ®DakT 9TOT, BIIPOYEM, JOCTATOYHO OYEBUICH,
HO BCEC XK€ HYXKJIACTCH B IOKA3aTCJIbCTBE. A MMCHHO, Ha-
OO NOKa3aTh, YTO BCE€ NBYI'DAHHbIE YIJIbI IIOCTPOCHHOI'O
MHOI'O'paHHHKa paBHbI.

IIpumepHoe n1anHupoBanue

Ypoxk 1. O0cyxIeHre CBOICTB MPaBUIbHOTO TETPA3-
pa u Ky0Oa. 3amaua No 1.
Ha dom: N2 6, 11.

Ypoxk 2. Obcyxnenue 3amgaun N2 11. Oxrasap. 3ana-
qu N2 2, 3, 10.
Ha dom: N2 4,5, 7.

Ypok 3. ObcyxneHue noMallHero 3aJaHus, Mpexe
Bcero, 3agaum N 7,
Ha dom: N2 8, 9.

7.4. Ukocasap

[Taparpad mnoceslleH AOKa3aTeNbCTBY CYIIECTBOBA-
HUS MKOcasapa: Teopema 7.2. DTOMy NOCBAIIAECTCS 00UH
YPOK.

Ha dom: pazoOpatbcsl B 10Ka3aTeJbCTBe TeopeMbl 7.2.
Samaun N¢ 1, 3.

7.5. lonekasap

Jlonekasp BBOAUTCS KaK MHOTOTPAaHHUK, IBOMCT-
BEHHBII MKocaspy (teopema 7.3). Takum obpazom, cy-
IIeCTBOBaHUE MKOCa3Ipa HEKOTOPBIM 00pa3oM CTaHoO-
BUTCSl IPUMHOM CYIIeCTBOBaHUs NoneKasnpa. M3yde-
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HUIO 3TOro naparpada ciaenyer orBectu I ypok. Havyatb
peleHue 3anauu Ne 2.
Ha dom: 3akoHUInTh N2 2, 3agauu N2 4, 5.

7.6. B3aumMocCBs3b MeXK1Y Pa3jiMdHbIMHU
NPaBUJIbHBIMA MHOTOTPAHHUKAMH

OcHoBHOe cojiepxxaHue naparpada COCTOUT B TOM,
4TO BCEe CeMEUCTBO MPaBUIbHBIX MHOTOTPaHHUKOB TECHO
B3anMOCBs13aHO. C MOMOIIBIO OTHOTO (TI0O0r0) MOXHO
MOJIYYMTh BCe OocTajbHble. [1aBHOE 3/1eCh — CBSI3b MEX-
ny Kyoom u nonekasnpoM. CrexyeT n00aBUTH Takke,
4TO cepelqrHbl pebep MpaBUJIBHOIO TeTpaszipa CIyXaT
BepIIMHAMM OKTasjipa (B yu4eOHUKE 3TO HE CKa3aHo).

IIpuMepHoe MIaHNPOBaHUE

Ypox 1. U3yuenue Teopuu. 3afgauu (Ha ypoke U Ha
dom) Ne 4, 5,6, 11.

Ypok. 2. Pa3zbop nomainero 3ajganus. Pemenne 3a-
na4 (Ha ypoke u Ha dom) N2 7, 8, 9, 10.

Ypoxk 3. KonTpoibHas padora.

JlonoJHUTEIbHBIE 3212491

1. EnuHCTBeHHBIN MpaBWIbHBII MHOIOIPaHHUK, KOTO-
pBIif MOXKeT ObITh pa3pe3aH Ha MpaBUJIbHblE MHOTO-
IPaHHUKM, — 2TO TpaBWIbHbBINA TeTpasnp. Kakum
00pa3oM 3TO MOXHO ceNaTh?

2. CKOJBKO pa3luuHBbIX JAuaroHaieil y wukocasnpa?
(6 6ospimmx u 30 mMasnbIx, Bcero 36)

3. CkoJbKO Bcero amaroHajieil y nponekasapa (1ou-
aroHaJIbl0 CUUTAEM OTPE3OK, COEAUHSIOIUI JBe
BepLIMHbBI U He Jiexaluil Ha nosepxHoctu)? (90. U3
KaXXJ0ii BepIIMHbI BBIXOJIUT 9 nuaronasnei.)

4. Yepes kaxJjioe pedpo MpaBUIbLHOIO TeTpa3jipa Ipo-
BelleHa TUIOCKOCTbh, MapajiiesibHasi MPOTUBOMOIOXK-
HOMYy peOpy. SIBjsieTcsl 1M NMpPaBUJIBHBIM TOJTYUMB-
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10.

36

mmiicst MHororpaHHuK? Eciv a, To, Kak OH Ha3bIBa-
ercsi? (Ky0.)

Haiinure nByrpaHHble yIjbl JoaeKa3apa. ( JByrpaHn-
HbIe YIJIbl OKTa3Ipa MOMOJHSIOT A0 T YIJIbl MEXIY
OOJIBIIIMMU TMArOHAJISIMA MKOCa’/ipa, 3ajada 6 u3

1
§ 7.6. 3HaunT, OHU PaBHBI T — ArcCOS —= .
)

J5

CropoHa OCHOBaHUS NPaBUJILHOW TPEyroJbHOM
NMpaMubl paBHa 1, a ABYIpaHHbIE YIJIBI MEXIY

2% .
OOKOBBIMU T'DaHSIMU PaBHBI 5 - Haiinure o0Obem
3TOM MUPAMUbI. (O61;eM 3TOM NUpaMUJIbl COCTAB-

1
% o0beMa eTMHUYIHOTO HKOocasipa, T. €. OH

1 N
paBeH E(3 + ﬁ)}

KakuMu paBHBIMH TPaBUJIbHBIMA MHOTOTpaHHUKA-
MM MOXHO 3aITOJIHUTh MPOCTPAHCTBO (COMpPUKAcaiO-
Iecsi MHOTOTPaHHUKHU UMEIOT OO OOIIYIO IpaHb,
6o obriee pedpo, mbo obmiyio Bepimny)? (Toab-
KO KyOamu.)

JIACT

Haiinute nauMHbI BcexX IMaroHasnen HKOCasfipa ¢C

pebpom 1. (HaI/I6onbma;1 IVaroHaJb paBHa 2R =

= /%(5 + ﬁ), cM. 3anauy 2 u3 7.6. IIpoBenem jase

OOJIBIITNX AWaroHajJan uKocasapa. CoeIuHUB UX KOH-
bI, I[IOJIYYUM IIPDAMOYTOJbHUK, OJIHA CTOPOHA KOTO-
poro 1, a pyragd — M€EHbIIas TUaroHajb. Orcioga

HaliieM MEHbINYIO TMaroHalb, PpaBHYIO %(ﬁ + 1).\
Haiinure nimHy HanGoblIeii AuaroHamu 1oneKas -
pa c pebpowm 1. (2R = %(ﬁ + Jl_S)\

PaccmoTpute 5 mpaBUIbHBIX MHOTOTPAHHUKOB C
pedpom 1. Pacriosioxure B opsijike Bo3pacTtaHus Ux
00BEeMBI, TIOJHbIE MMOBEPXHOCTH, PaAUYChl OINMCAH-



HBIX I1apOB, paAMychl BIIUCAHHBIX 1apoB. (s Beex
BeJIMYMH MOPSANOK OIMHAKOB: TeTpaslp, OKTa3Ap,
Ky0, MKOCasip, TOJAEKadIp. )

KonTpoabnas padora N 4

Bapunanr 1

Yemy paBHa MoJIHASI MOBEPXHOCTh UKOCa3/pa ¢ pebd-
poma?

CkosbKo pebep y nmoaekaszpa?

Haiinure nByrpaHHble YIJibl MpU OOKOBBIX peOpax
MPaBUJIBHOM TPEYrOJbHOUW TUPAMUIbI, €CJIU OTHO-
HIeHHe ee BhICOThI K OOKOBOMY pebpy paBHO OTHO-
HIEHWIO pajJuyca Il1apa, BOMCAHHOTO B OKTasIp, K
pebpy okTaspa.

YeMmy paBeH yroil Mexay IUIOCKOCTSIMH, cOolepiKa-
MU B€ He COocellHUEe U He MapaJjllelibHble TPaHu
noxexkaspa?

Bapunanr 2

Yemy paBHa MoJiHas MIOBEPXHOCTb OKTa31pa c ped-
poma?

Ckosbko pebep y ukocasapa?

Haiinure nByrpaHHble yIJIbI MEXIY COCETHUMHU 0O-
KOBBIMU I'PAHSIMU IIPaBUJIbLHOM IISTUYTOJILHOM IIMpa-
MUJIBI CO CTOPOHOIN OCHOBaHMS, paBHOM 1, U BbICO-
TOH, paBHOH panuycy I1apa, BIMCAHHOIO B JOJEKa-
a1p ¢ pedbpom 1.

[Iycts ABC v BCD — nBe rpaHu ukocasnpa. Pac-
CMOTpUM JB€ OTJIMYHbIE OT JAHHLIX [PaHU ¢ pedpa-
mu AB n CD. Yemy paBeH yroj Mexay IIOCKOCTSIMU
9TUX rpaHei?

OTBeTH U YKa3aHuAd OJId YUUTEISA

Bapuanum 1. 1. 542, 2. 30. 3. Eciu Mbl cOeIMHUM

LIEHTP OKTa’3JApa C €ro BepLIMHaMH, TO pa3o0beM OK-
TadJIp Ha INUpaMHUIbl yKazaHHOro suga. K kaxnomy
OOKOBOMY peOpy NpWIEXUT 4 MHTEPECYIOIIUX HAc ABY-
rpa”HbIX yria. X cymma pasHa 2n. 4. LleHTpbl noneka-
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3Ipa — BePILUMHBI IBOMCTBEHHOTO UKocasapa. CienoBa-
TeJIbHO, MUArOHAIU TBOUCTBEHHOTO UKOCADIpa TepIIeH-
JIMKYJISIPHBI TPAHSIMU JOJIEKAd/IPa U YroJl MEXJ1y Jo0oi
nmapoy IJIOCKOCTEH, COmepkKalluX IpaHd AOMeKaslpa,
paBeH YLy MeX Iy IMArOHaIsIMU UKocasapa (CM. 3a1ady
Ne 6k § 7.6).

Bapuanm 2. 1. 2a2./3 . 2. 30. 3. Eciii Mbl cOelMHIM
LIEHTP JI0ICKa3pa C ero BeplIMHaMu, TO pa3obbeM OK-
Ta’Jp Ha NMMpaMUIbl yKazaHHOro Buja. K kaxmomy 60-
KOBOMY peOpy IpUIeXUT 3 MHTEpecylolMX Hac JABY-
rpa”HbIx yriaa. Mx cymma pasHa 2n. 4. Paccmorpum uko-
cas3zp, BIMCAHHBIA B OKTa3Jp, KaK [pU NTOKa3aTeJbCTBE
teopemsbl 7.2. Ilpu atom rpanu ABC u BCD pacnoJio-
JKUM TaK, YTOObI OHM He [IPUHAJIJIeXKaINU I'PAHAM OKTad/1-
pa. Torna nse npyrue OynyT npuHazjIexaTh ABYM HE CO-
CEJIHMM I'paHsM OKTa’zpa. I MCKOMBII yroJl paBeH yriy
MeX1y IIJIOCKOCTSIMU JIBYX HE COCE/IHUX IpaHeil OKTasI-
pa. To ecTb paBeH yriy Mexnay OOKOBBIMHA CTOPOHAMH
paBHOOEIPEHHOI0 TPeyroJbHUKa ¢ ocHoBaHueM 1 u 60-

. L A3
KOBOW CTOPOHOU —=-.



I'maBa 8

KoopauHatsl 1 BEKTOpBI B IPOCTPAHCTBE
(10—12 )

bBesyciioBHO, KOOp/IMHATHBIA M BEKTOPHBIA METOJIbI
ABJISIOTCS BaXHEWIIMMU METOJAaMU B I€OMeTPUYECKUX
ucciaenoBaHuax. OJHaKo B JaHHOM y4eOHMKe 00beM Te-
OpEeTUYECKOro MaTepuala, MOCBALIEHHOIO 3TOMY BaX-
HelleMy pasjielly, Ha IepBbli B3IVIS] IIpecTaBisiercs
He cIMUIKoM 0osbmmM. XoTd ¢ GopMalIbHONU TOUKH 3pe-
HU4 B yUeOHUKE UMEIOTCS BCe WM 1TOUYTH BCe CBEIECHMUS,
BKJIIOYAa€Mble B TPaJULIMOHHbIE LIKOJIbHBIE KYPChl CTe-
peomerpuu. Ilpapia, nznaraiorcsi OHM OYeHb JIAKOHUY-
HO. C Ipyroil cTOpoHbl, B yUeOHUKE OTCYTCTBYIOT MHO-
rve (akTbl COOTBETCTBYIOIIEH Teopuu, KOTOpble B 110C-
JieIHee BpeMs 4acTO BKJIOYAIOTCA B NPOTPaMMBbI IS
bU3MKO-MaTeMaTUIECKMX 11IKOJ U KiaccoB. U ato coor-
BETCTBYET aBTOPCKOW MO3ULIMHU, aBTOPCKON KOHLIEILINN.
Hlesio B TOM, uTO MOJpoOHasi TeOpUs BEKTOPHOIO U KO-
OpPJIMHATHOIO METOJla M3ydaeTcsl B BbICHIEH IIKoJIe B
Kypce aHaJUTAYeCKOW reomMeTpuu. Y1 HeT HUKaKol He-
00XOIMMOCTH U3JIaraTh 3TOT KypC B LLIKOJI€ U COKpALIECH-
HO, U IpUMUTUBHO. U Bce Xe IrimaBHOE HE B TOM, a TOY-
Hee, He TOJIbKO B TOM, YTO B By3€ IIPEJICTOUT B JIyullleM
cllydyae YYATb €My 3aHOBO, a B XyJLIeM — [epeyuuBaTh.
B KoHIle KOHIIOB, He Bce JieT 1oiayT B By3. [1aBHOE B
TOM, YTO 3TOT METOJX HE COBCEM COOTBETCTBYET LIEJISM
oOyueHus! IIKOJbHOM reoMeTpuu, Kak UX IIOHUMAaeT aB-
TOop yueOHMKa. OCHOBHOM Lie/IbI0 OOYUYEHHUS CTEPEOMET-
pUM SBJISIETCS] pa3BUTHE IIPOCTPAHCTBEHHOIO BOOOpaxe-
HUf, B TO BpeMsf KaK KOOpIWHATHBbIA M BEKTOPHBIA Me-
TOJIbl MEHEE BCEro MOMOIaloT JOCTUXEHUIO STOW LIEJIH.
bouiee Toro, B onpeneseHHOM CMBIC/IE UX POJb — KOM-
IIEHCHUPOBAaTh HEJIOCTATKU IIPOCTPAaHCTBEHHOIo BOOOpa-
>KE€HHUS U 1aXe 3aMEHUTDb €ro.

B nmaHHOM Kypce KOOpAMHATBI U BEKTOPbI UIpaloT
HECKOJIbKO MHYIO poJib. besycioBHO, BaXHeWluMu U
CaMbIMM YHMBEPCAJIBbHBIMUA CPEIU METOLOB I'€OMETPUU
(1 He TOJBKO reoMeTpUu) SIBJSIOTCS METOAbl KOOpAHU-
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HaTHble U BeKTOpHble. I IMEHHO u3yueHue 3TUX MeTo-
IIOB U SIBJISIETCS] BaXKHeillel 11esbio JI060ro Kypea reo-
MeTpuH, B TOM uucie u 5toro. Ho B 1aHHOM yueOHUKE
KOOPAMHATBI U BEKTOPbI UTPalOT ellle OAHY OYeHb Baxk-
HYIO poJsib. OHU SIBJISIIOTCSI UHCTPYMEHTOM TOBTOPEHMUSI.
C uX 1TIOMOIIBIO MBI MTOJIy4aeM BO3MOXHOCTh [TOBTOPUTH
Bech Kypc, paccMaTpuBasi MHOTHe (haKThl C HOBOW TOUKU
3penus. Kpome Toro, B0 MHOTMX npumepax W IpejJia-
racMbIX 3ajlauax aBTOp IIOKa3bIBAaeT, UTO, MEPEHsi OT
reoMeTpuu K ajiredpe ¢ MOMOUIbIO BEKTOPOB UM KOOP-
JIMHAT, HEJIb3s MOJHOCTBIO 3a0bIBaTh O reomeTpun. I'eo-
METPUUYECKUE MHTEPIIPETAlMM MOTYT CYIIECTBEHHO 00-
JeryuTh GopMasbHO ajredpanveckue pacCMOTpPEHUs U
JIaxe BBIKJIAIKH.

Teopetuueckoe coliepkaHue BCel r1aBbl JOCTATOUYHO
TPaAULIMOHHO, U3JIOXEHUe CXOMHO C U3JI0KEHUEM COOT-
BETCTBYIOIIETO pasjesia B Kypce IJIaHUMETPUr 9TOTO Xe
aBropa. [1paBia, cucrema 3aja4 HECKOJIbKO OTIMYAETCS
OT TpaAULIMOHHOTO Nondopa. Ho 3To Takke XxapakTepHO
JUISL BCEro JaHHOTrO Kypca reoMerpuu. ClenyeT Bce Xe
3aMETUTh, YTO MO CPABHEHUIO ¢ KYPCOM ILIAHUMETPUU
KOJMYeCcTBO 3a/ay SIBHO YMeHblIeHo. [ToaTomy yunTels,
TATOTEIONMI K pacCMaTpMBAEMbIM B TJIaBe pasjiesiaM U
MeToaM, MOXeT N00aBUTh 3a7lauu U3 JIPYTUX yIeOHu-
KOB 1 ITOCOOUIA.

8.1. lekapTOBbI KOOPAHHATHI B NPOCTPAHCTBE

8.2. ®opmyaa paccTosiHMsA MeXKIY
ABYMS TOYKaMH. YpaBHeHHe cdepbl

CopnepxaHue 3TUX IBYX naparpadoB BIIOJHE Tpalu-
uroHHo. Clienyer obpaTuTh BHUMaHKME Ha OYEBUJIHBIE
aHaJIOTUU C MJIaHUMEeTPUEN.

IIpumepHoe nu1anHupoBanue

Ypok 1. N3n0xenue teopuu, conepxkaierics B § 8.1 u
8.2. 3amaun N2 1, 2, 4.
Ha dom: N2 3, 5, 6.
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Ypok 2. Pa3bop nomamHero 3ananus. Pemenue 3anad
(B kJ1acce 1 doma) N2 7, 8, 9, 10, 11. MoXHO BOCHOJIb30-
BaTbCs TaKXKe 3a/la4aMy U3 JIONIOJIHATEJIbHOTO CIIHCKA.

8.3. YpaBHeHue miocKocTu

B sToM maparpace noxkaspiBaeTcst OfiHa BaxXHasl Teo-
pema 8.1 (obmee ypaBHeHue mockoctn). Cienyer oopa-
TUTh BHAMaHUE Ha TO, YTO TeOpEeMa COCTOWUT U3 NBYX
yacTeil, mpsiMoro u obpaTHOro yrBepxieHus. Jloka-
3aTeJIbCTBO TeOpeMbl HECKOJbKO OTJIMYaeTcsi OT Tpa-
TUIMOHHBIX. JleJI0 B TOM, YTO OOBIYHO MPY BBIBOJIE YPaB-
HEHUSI IUIOCKOCTM TaK WIM WHade B sBHOU (opme
UCIOJIB3YIOTCS (DaKThl U3 BEeKTOPHOH anredpnl. Paccmar-
puBaetcsi apdUHHOe MPOCTPAHCTBO, a MJIOCKOCTh 3a1a-
eTCsl TOUYKON M Mapoil BEeKTOPOB (WJIM TpeMsi TOUKaMHU,
qTO, MO CYTH, TO Xe camoe). B nmpeyiaraeMom paccyxkie-
HUU WUCMOJIb3YeTCsl MHON cHoco0 3aJaHus MJIOCKOCTU
(KaKk MHOXECTBO MEPHEHAMKYJISIPOB K JaHHON MPSIMON,
MPOXO/SINMX 4Yepe3 NaHHYIO TOYKY), OCHOBAaHHOE Ha
CBOICTBaxX eBKJIUAOBOro npocTpancTBa. CTporo ropops,
I0Ka3aTeJbCTBO OMUPAETCS U Ha 3JeMEHThl BEKTOPHOM
anreOpsl (CBOMCTBA CKAJIIPHOTO MPOU3BEICHNS ), HO B HE
SIBHOU (opme.

IIpumepHoe n1anupoBanue

Ypox 1. JlokazaTeJabCcTBO OCHOBHOU TeopeMsl. Perie-
HUe 3a7la4i, 1aHHOH B TeKcTe naparpada.

Ha dom: n3yunth noKa3aTeJbCTBO TEOPEMBI. 3alauu
Ne 1,2, 4.

Ypok 2. 3amaun N2 3, 5,7, §.
Ha dom: N2 9, 10.
8.4. YpaBHeHnue npsamMoii JUHUHA

Ypok 1. N3yuyenue teopun. 3agauu N@ 1, 3, 5.
Ha dom: N2 2, 4, 6,

Ypok 2. Paz6op nomainHero 3afgaHus. 3anaund N2 8, 9.
Ha dom: N2 7, 10.
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8.5. BeKkTOpBl B IPOCTPaHCTBE

8.6. Teopema 0 eIMHCTBEHHOCTH
npeacTaBJeHu ...

CopnepxaHue 3TUX naparpadoB BIIOJHE TPalULUOH-
Hoe. ['1aBHBII ynop cienyer cienatb Ha OTpPabOTKY CO-
OTBETCTBYIOIEH TEXHUKH.

IIpuMepHoe MIaHNPOBaHHE

Ypoxk 1. U3yuyenue teopuu. 3anauu N 1, 3a, 4a.
Ha dom: noBTOpUTH COOTBETCTBYIOIIUI pa3est ruia-
HUMeTpUH, 3agauu N 2, 30, 40.

Ypoxk 2. Ha ypoke u Ha dom pelienue 3anay N 4, 5,
6a, 0, B.

8.7. CkansipHoe npoun3BeaeHue BEKTOPOB

OrpejiesieHre CKaJISIPHOIO IIPOU3BEICHUSI, €ro CBOM-
CTBa TaKue Xe, Kak U B IJ1aHuUMeTpuu. He MeHstoTCS U
crocoObl J0Ka3aTelbCTBa BCeX YTBEPKACHUIA.

IIpumepHoe n1anHupoBanue

Ypoxk 1. IloBTOpeHHe CBOMCTB CKaJSIPHOIO IIPOU3BE-
nenusi (o yuebnuky «I[lnanmmerpusi»). 3amaum N 1, 4.
Ha dom: N2 2, 3, 5.

Ypox 2. 3amaun N2 7, 8, 9.
Ha dom: N@ 6, 10.

Ypoxk 3. KonTpoibHas padora.

JlonmoJHUTEIbHBIE 321291

1. Haiinure KoOpIuHAThI CepeInHbl OTpe3Ka ¢ KOHIIa-
v A (-1; 2; 0) u B(0; =35 5).

2. Haiizute KOOpAMHATH TOUKHU IepeceyeHrs] MeITuaH
TpeyrojbHuKa ¢ BepiuuHamu A(1; 2; 3), B (=2; 4; -1),
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10.

11.

12.

C(-3; 5; —6). Haiinute Takxe KOOpAUHATHI TOUKU D
Takou, uto ABCD — napaJuiesorpamm.

PaCCMOTpI/IM TPEYIrOJIbHUK C BEpHIMHAMHU Ha OCAX
KOOpAUHaAT. Z[OKa}KI/ITe, YTO IMPOEKIMA Havajla KO-
OpAHHAT Ha INIOCKOCTh 3TOTO TPE€YTOJbHUKA COBIIA-
Ja€T C TOYKOU IIEpeCCUCHUA BbICOT TPCYIOJIbHUKA.

ITycrts A, B v C — 11pOM3BOJIbHBIE TOUKH TIJIOCKOCTH,
o, B, y— Tpu umucia Takux, uro o + B + v = 1. Ilyctb

—> —> —> —
BekTOop OM = 0.OA + BOB + yOC, rne O — npo-
u3BOJIbHAS Touka. Jlokaxure, uro Touka M ripuHa-
et 1ockoctn ABC, nipy 3toM Jirobasi Touka
IJIOCKOCTA MOXeT OBbITh IpeJICTaBlieHa B 3TOM BuUJIe
€/IMHCTBEHHbIM 00pa3om.

Haijinure ypaBHeHME IUIOCKOCTH, IapaJlIeJbHOR
IoCcKOCTH 4x + 2y — 3z = 1 u npoxousuei yepes
Touky A(5; 6; =7).

Jokaxure, 9TO MIOCKOCTH 4x — 2y — 3z = 0 u 4x —
— 2y — 3z = 1 napajienbHbl, U HAallAUTEe paccTOsSHUE
MeX1y HUMU.

Haiinute ypaBHeHMe MJIOCKOCTU, MPOXOISLIEH ve-
pe3 Touku A(-1; 0; 1)u B(-3; 2; 0) u napanienbHou
ocu Ox.

Vkaxure Bce Touku M(x, y, z) TakKue, 4YTO
Jx-22+ (y-6)2+ (z+3)2 =7.

Haiinure paccrosgHue Mexny NpsIMOU, SBIMIOLIEHCA
JVHUEN IepeceuyeHusl IIocKocTel 3x — 2z = 5 u
4x + 3z = 1 u npsAMoii, npoxozsuleil yepe3 TOUKU
A(1; -2; 3) u B(2; 5; —4).

Haiinure ypaBHeHue cdepbl, Kacarollerics chepol, 3a-
naBaeMoil ypaBHeHueM x?2 + y2 + z2 —4x + 2y +
+ 2z = 0, c ueHTpoM B Touke A, ecnu: a) A(9; -3; -3);
6) A(4; 0; 0); B) A(1; 1; 0).

JlaHa cdepa x2 + y? + z2 - 6x + 4y — 2z = 11. Haii-
IUTe ypaBHeHHe cdepbl panuyca R, Kacarolueincs
JIaHHOH, ecnu: a) R = 2;6) R=5;B) R =T7.
Hanuiure ypaBHeHHe HpsMOii (cucTeMy ypaBHe-
HUH, 3aJalolylo NpsMYIO), KOTopasl POXOIUT 4e-
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pe3 Touky A(3; —4; 5) napanienbHoO OpsIMOM, ompe-
JeJisieMou cucreMoit 3x + 2y —z =4, x—4y -3z = 7.

13. JlnuHbl Tpex BeKTOpoB paBHHbI 3, 4 u 5. Bee nomap-
Hble CKaJIspHble IpousBelneHus pasHbl. HaubOoib-
Ui yros Mexay Bektopamu paseH 120°. Haiinure
IyaroHajy Napajieyenurena, peopa KOToporo pas-
HBI U NTapaJljIeJIbHbl JaHHBIM BEKTOpaM.

14. Ucnonb3yd NOHATHE CKAJAPHOIO IPOU3BENEHUS,
HaluTe yroy Mexy CKpeluBaloUMUAC MeAaHa-
MU COCEJHUX I'PaHell IPaBUIIbHOIO TETPal/pa.

IToBTOpEeHue

Bce ocrasiieecst BpeMs cienyeT MOCBSITUTh TTOBTOPE-
HUIO. B CMJIBHBIX Kjlaccax MOXHO B TOJHOU Mepe
BOCITIOJIb30BAThCSl MONOOPKOIA 3amad, TaHHON B KOHIIE
yueOHuka. («/lornonHuTenbHple 3amaud U 3alauydl ISt
noBTopeHusi».) Ilpoectn tect («IIpoBepb cBoM 3HA-
HUS1» ). [T0CKOJIBKY B yUeOHMKE NMEIOTCsI OTBETHI K TECTY,
VUIUTEIO cleAyeT MPOAyMaTh CIOCOOBI KOHTPOJISI CaMo-
CTOSITEIbHOCTY BBIITOJIHEHUSI UTOTOBOTO TecTa. MOXHO,
HampuMep, NaTh HEOOJBIIYIO BBIOOPKY M3 HEro, pacro-
JIOXEHHYIO B CIy4aiiHOM mopsiike. 2KeaaTeabHO TTOBTO-
pUTh TakXe Kypc Tuianumerpuu. llocie moBTOpeHMs
IIPOBECTU UTOTOBYIO KOHTPOJBHYIO paboTy.

KonTpoasnas padora Ne §

Bapuant 1

[

Haiinure KoopauHaTel cepeuHbl oTpe3ka AB, rie
A(=2; 3; 0), B(1; 4; 6).

HarmmmTre ypaBHeHue cdepbl ¢ LIEGHTPOM B TOUKE
O(-2; 3; 1) u npoxonsiueii yepe3 Touky M(4; —2; 3).
Haiinure ypaBHeHHMe IJIOCKOCTH, MPOXOJsIIeil de-
pes Touku A(-1; 1; 2), B(3; 0; 2), C(2; —1; —4).

Han napamnenenunen ABCDA,B,C,D,. Bbipaszure

w0

—>
BekTop BD, uepes Bektopel AB|, D;C n A,C.

S. Haiinure yron Mexny riockocTsiMu 2x —3y + 4z = 5
n-3x+ 5z = 3.
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Bapuanr 2

[

Haiinure KxoopauHaThl cepeluHbl oTpe3ka AB, rue
A(3; -3; 1), B(0; -5; 6).

Hanvmmure ypaBHeHMe cdepbl ¢ LIEHTPOM B TOYKeE
O(2; -3; —1) u npoxonsiieit yepe3 Touky M(—4; 2; =3).
Haiinure ypaBHeHue IJIOCKOCTH, IMPOXOAALIEN 4ve-
pes Touku A(1; -1; =2), B(-3; 1; 0), C(5; 1; —4).

HMan napamnenenunen ABCDAB,C\D,. Bripasure

Eal T

BEKTOP B7) yepe3 BekTopbl AC, DC, nu AB.
5. Haifiaure yroa mMexny iockoctssMu 3x —y + 5z = 5
u-3y + 5z = 3.

OTBeTH U YKa3aHuAd OJId YUUTEISA
Bapuanm 1. 1. (-0,5; 3,5; 3). 2. (x + 2)2 + (y - 3)*> +
—>
+(z+1)2=77.3.6x+24y-5-8=0.4. BD, =
= ,ﬁj —Zlﬁ 5 arccosi
1 1 . . m .
Bapuanm 2. 1. (1,5; —4; 3,5). 2. (x = 2)? +(y + 3)> +
— —
+(z+1)2=653.x+224+3=0.4.B,D = AC, -
—l? S. arccos 28
b J1190°

Nrorosada KonTpoabHas padora (2—3 4)

Bapuant 1

1. Haiinure ruomaib ceuyeHus: NMPaBUIbHON TPeyroJib-
HOI MAPaMUIBI IIJIOCKOCTBIO, COlepXKalllei ee 60KO-
BOe pedpo U ceperHY MPOTUBOIOJIOXHOU CTOPOHBI
OCHOBaHWSI, ecjiu OOKOBOe peOpo paBHO 4, a CTOPO-
Ha OCHOBaHMS paBHa 3.

2. Haiinure 06beM LWIMHIpPA, LEHTPbl OCHOBAHUS KO-
TOPOrO COBMAAAIOT C MPOTUBOIOJIOXHBIMU BEPILLIAHA~
MU IMHUYHOTO Ky0a, OCTaJIbHbIE BEPIITUHBI KOTOPOTO
JexaT Ha O0OKOBOW MOBEPXHOCTHU 3TOTO LIAJIUHAPA.

3. Han kyo ABCDA,B,C,D, c peopom 7. Ha pebpax
AB, BC u CC| B3s1THl TOUKM K, P 1 M cOOTBETCTBEH-
HO Tak, 4to AK = 3, BP = 3, CM = 2. Ilocrtpoiirte
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cevyeHue Kyda IIOCKOCTbIO, TPOXOoAllel Yyepes3 TOU-
ku K, P, M. Onpenenure Buj ceuenusi. Haiinure ero
CTOpOHY, IpuHamiexauyto rpanu CDD,C.

B ocHoBanuu nupamu bl ABCD jeXUT npaBUJIbHbIA
tpeyronbHuKk ABC co cropoHoil 3, CD — BbIcoTa
nupamunbl, CD = 2. Halinure paauyc ONUCaHHOIO U
BIIMCAHHOTIO LIapa JaHHOW NMUpaMUIbL.

CropoHa OCHOBaHUSA TPaBWIBHON 4YETbIPEXYIOJIb-

HOI mupaMuibl paBHa 4, a Beicota 2 /6 . Uepes cepe-
IVHY CTOPOHBI OCHOBaHUSA U cepeluHy OOKOBOTO
pebpa, He uMeronero obIuUX TOYeK C 3TOHU CTOpo-
HOH, nposeneHa npsmas. Halinure mimHy Xopabl,
obpasyronieiicsi Ipu IMepecevyeHnr 3TON MpsSIMOil ¢
OIIMCAHHOW OKOJIO MUpaMuabl chepoii.

[Tnomwanu rpaneit ABD u ABC nupamunbl ABCD
paBHbI 2, a ruiomaau rpaneid ADC u BDC paBHbl 3.
JByrpanubie yriabl ¢ pebpamu DA, DB, DC paBHbI
Mex1y coboii. Haliiure nByrpaHHbie yribl 3TOU 1U-
paMubl.

Bapuant 2

Haiinure momanb cedeHns NpaBUJILHON TPEYroJjb-
HOM NUpaMuAbl IUIOCKOCTBIO, NPOXOAALIEH vepes
CTOPOHY OCHOBAHUS U CEPENUHY IPOTUBOIOIOXHO-
ro 0OKoBOro pedpa, eciii CropoHa OCHOBaHMSI paBHa
3, a bokoBoe pebpo pasHO 4.

Bricora nunuHapa pasHa 3. MI3BeCTHO, YTO CYILECT-
ByeT KyO, IB€ IIPOTUBOIIOJIOXHbIE BEPIIUHBI KOTO-
POro COBNAJAIOT C LIEHTPAMU OCHOBAHUI LIMJIMH/IPA,
a ocrajbHble JleXaT Ha OOKOBOH IOBEPXHOCTU IIU-
JuHnpa. Haiinure o0bem nuivHapa.

Han ky6 ABCDA,B,C D, c pebpom 11. Ha pebpax
AB, BC n CC| B3sitel Touku K, P u M cooTBeTCTBEH-
HO Tak, uyto AK = 4, BP = 3, CM = 7. Ilocrpoiire
cevyeHue Kyda II0CKOCTbIO, ITPOXOJIsilel yuepes3 ToU-
ku K, P, M. Onipenenure Bun ceuenusd. Haitnure ero
CTOpPOHY, IpuHajjexauyto rpanu CDD,C,.

B ocnosanuu nupamuiiel ABCD nexur paBHOOeN-
PEHHBII NTPAMOYTOJIbHBINA TpeyroJbHUK ABC ¢ nps-
MBIM YIJIOM IpHU BeplurHe C ¥ KaTeTaMu, paBHbIMU 2,



CD — Bbicota nupamuzasl, CD = 3. Halinurte panuyc
OINMUCAHHOIO U BIIMCAHHOIO LIapa JaHHOH! MUPaMULIDL.

5. CropoHa oOcHOBaHUSA IPaBUJIbHON YETHIPEXYIOJb-
HOW nmupamuzbl paBHa 8, a BbicoTa 6. Uepes cepenu-
HY CTOPOHBI OCHOBAaHUS M cepeluHy OOKOBOro peo-
pa, HEe UMEIOLIEro OOIIUX TOYEK C ITOW CTOPOHOW,
nposeneHa npsaMas. Haiinure niamHy Xopnbl, oopa-
3yIOLleicd NpU MepeceYeHu! 3TON MpsIMOH ¢ OIu-
CaHHOM OKOJIO UupaMubl cHepo.

6. Ilnowanu rpaneit ABD u ABC nupamunbl ABCD
paBHbI 3, a rowanu rpaneil ADC v BDC paBHBbI 2.
JByrpannsie yribl ¢ pedbpamu DA, DB, DC paBHbI
Mex 1y coboit. Haiiure aByrpaHHble yrilbl 3TOR U~
paMUIBbIL.

OTBeTH U YKa3aHuAd OJId YUUTEISA
Bapuaum 1. 1. % J39. 2. %n 3. 3. Ceuenuiem Oyner

ISATUYTOJbHUK. MIcKOMasi cTopoHa paBHa %J7_3 4. 2,
6./3
8+ 3.3+ /43

HO 4./2, a OTPE30K, COENMHSIONMI CepeIntbl YKa3aH-
HBIX pebep, paBeH 4. [lycTh ickomas Xopaa AeauTcs ce-
peauHamu pebep Ha OTpe3KH x, 4, y. I1o Teopeme o npo-
U3BEJICHUMA  OTPE3KOB  XOPJA  IOJy4aeM CUCTEMY
ypaBHenuii: x(4 + y) = 4, y(4 + x) = 8. 6. [1yctp nBy-
rpaHHble yribl ¢ peopamu DA, DB u DC paBHBI ¢, a IBY-
rpaHHble yribl ¢ pedpamu AB, BC u CA cOOTBETCTBEHHO
o, B u 7. [TockobKy cymma IUIoNIaieil MpoeKiuii Tpex
rpaHeii Ha 4YeTBepTyIO paBHa IUIOLIAIA YETBEPTOM I'paHy,
MOXeM 3amucaTh YeTblpe COOTHOLIEHMS: 2 = 2 cos o +
+3cosB+3cosy,2=2coso+ 6cosp,3=2cosy+
+ 5cos @,3 =2cosy+ 5 cos ¢. I3 oT0l cuctembl 11oy-

5. /57 . BokoBoe pebpo nupamu/ibl pas-

3 4
YyaeMm, UTo § = Y= @ = arccoss, o = T — arccos .

Bapuanm 2. 1. % 2. 6m. 3. CeueHneM OyIeT LIECTH-

yrojibHUK. MckoMast cropoHa g J73. 4. g .5, % 1409
2 1

6. 0. = arccos3, p = v = ¢ = arccosy.
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Vka3aHus K pelieHuo 3a1a4 yuyeOHuKa

53
1. Omegem: JPQL . Eciu a, b u ¢ — pebpa naHHOTO

napautesienunena, o POL = a?b%c2.

d3.2
2. Omeem: — Pebpa sroro mapaienenuriena,

oOpaszyoomue ¢ nuaroHaiplo yriel 60° u 45°, paBHBI

d cos 60° = %l, d cos45° = dTﬁ COOTBETCTBEHHO. TpeThe
dy _(d2\’ _d
Pe6PO paBHO sz - (z) - (T) = 5

3. Omeem: d3 sin o sin B /1 — sin2a. — sin?B. Pebpa
JNAHHOTO Tapajuiesienurena paBHbl dsin o, dsin B u

Jd? - (dsina)? — (dsinB)? (Tak Kak cymMMa KBaipaToB
pebep paBHa KBajipaTy IUaroHajv napajuieiernuiena).

4. Omeem: 6. Ilyctb a, b u ¢ pebpa napasieneny-
3+4+5

nena. Torna a2 + b2 + ¢2 = — = 6. Takum 00-

pasoM,a = J6 -3,b= 6 -5,¢c = .J6—-4.

J3 N
5. Omeem: T OcHoBaHue NPU3Mbl — IPaBUJIbHBIA

TPEYroJIbHUK CO CTOPOHOM 1, ¥ BbicoTa IpU3Mbl paBHa 1.
6. Omeem: 102. PaccTosiHre MeXly LIeHTpaMu COCell-

Hux Kyoukos pasHo 1. Tak kak jymna jgomaHoi — 101,
TO KOJINYECTBO Kyoukos — 102.

7. Omeem: 8, 6 1 4. Iiiolany rpaHeii napasuiesnenu-
rega oOpaTHO NPOINOPLMOHAIBHEI BEICOTaM, K HUM IIPO-
BeIEHHBbIM (TaK Kak /.S, = h,S, = 3V). 3Hauut, oHU OT-
HOcATcs Kak 4 : 3 : 2, a uX cymma paBHa 18.
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AN Ne=

A
B, !
clo-H{----— A
B
Puc. 2 Puc. 3

8. Omeem: 2; 4. OcHOBaHUE MPU3MBI TTIOAOOHO OCHO-

1
BaHUIO IIMpaMHIbl C KOZ—)(I)(I)I/ILII/IGHTOM Moa00us 3

1
(puc.2), no3ToMy IUIOIIA b OCHOBAHUSI IPU3MbI paBHA 5

IJIOLIAJIM OCHOBAaHMS IMpaMujibl M pasBHa 1. Breicora
npu3Mbl paBHa 2. BooOlue, eciu paccTosiHue OT «Bepx-
HEro» OCHOBAHMUS JIO BEpUIMHbBI [IMPaAMUJIbL X, TO KO3(d-

X
(l)I/IL[I/IeHT HO,Z[O6I/IH paBEH 3, IUIOIIA/Ib OCHOBAHU S TIPU3-

2
Mbl — 9 (%C) , €e BblcoTa — (3 — x) U 00beM IPU3MBI pa-

BeH x%(3 — x). MakcumasibHOe 3HaveHue 3Ta GYHKIIMSI
IIPUHUMAET IIpU X = 2.

J3
9. Omeem: 5 - OcHoBaHMEM JAaHHOTO MapaJuiesiernu-

neja siBjsiercss poM0 co CTOpOHOH 1 M OCTpPBIM YIJIOM

3
600, IIoniaab KOTOpOro % » 4 BBICOTA IapaJllesIeTIIena

paBHa 1.

5.3

1
paBeH 00beMy MPU3MBI, OCHOBAHHEM KOTOPOIA SIBIISIETCS
paBHOCTOPOHHMI TpeyroibHUK ABC co cropoHoit 1 u
BbICOTa KOTOpOW paBHa 5 (puc. 3).

10. Omeem: OO0beM NaHHOTO MHOTOTPaHHHMKA
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A
A5

Puc. 4 Puc. 5

9
11. Omeem: 5 OObeM MoJyuMBIIErocss MHOTOTPaH-

HUKa paBeH 00beMy MpSIMOYIOJbHOIO Napasljielienurie-
Ia, ONHOU U3 IpaHell KOTOPOro sIBJseTCsl KBaapaT CO
cTopoHOH 1, a TpeTbsl CTOPOHa KOTOpPOrOo paBHa

w+6+5 = 4,5 (puc. 4).

12. Omeem: 6. Ecim a, b u ¢ — peOpa mnapaie-

nemunena, 10 a~ b2 + c2 = J13, b.a? + ¢ =2./10,
ca? + b2 =3./5.0rcrionaa =1,b=2,¢c = 3.

13. Omeem: 80. [JaHHbI KapKac COCTOMT U3 8 eau-
HUYHBIX KYOUKOB, PacIiojlOXKEeHHbIX B BEPIIMHAX UCXO]l-
HOTo Ky0a, 1 12 npsIMOYyroJbHbIX HapauleenurieoB co
cropoHami 1, 1 u 6 (Booab pebep ucxomHoro Kyba).

14. a) Omeem: 8. JlanHHOE MHOXECTBO COCTOWT U3 8
eIMHNYHBIX KYOMKOB (B BEpIIMHAX UCXOIHOTO Ky0a).

0) Omeem: 96. JlaHHO€ MHOXECTBO COCTOUT U3 12
IIPSIMOYTOJIbHBIX TapaJjulesielnieoB co cropoHamu 1, 1
u 8 (B1oJib pebep UCXOAHOTOo Ky0a).

B) Omeem: 384. JlaHHOe MHOXECTBO COCTOMUT U3 6
IIPSIMOYTOJIbHBIX TapaJjulesIeInIIeIoB cO cTopoHamu §, 8
u 1 (B1oJb rpaHeii HCXOAHOTO Ky0a).

2
15. Omeem: % IImomank OCHOBAaHUS HAHHOTO

3
[napaJuiejiernuiicia % (y,Z[BOGHHaH omanb IpaBUJib-
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HOTO TPEYroJbHUKa CO CTOPOHOIA 1), a ero BblcOTa paBHa
BbICOTE IPAaBWIBHOIO TeTpasjipa co cropoHoir 1. He-
TPYAHO JIOKa3aTh, YTO OCHOBAHME BBICOTHI I1PABUJIBLHOTO
TeTpa’/ipa COBIIAJaeT C LIEHTPOM IIPaBUJIbHOIO Tpe-
yroibHUKa (ero ocHoBaHMs). Takum obOpa3oMm, IyiMHa

2
BBICOTBI — |=.
ﬁ

16. Omeem: 1£§ Ocrasluyiocd GUIypy MOXKHO pas-
Outh Ha nBe mpusMbl (puc. 5). Y onHOI M3 HUX OCHO-

. L1
BaHUEC — IMpPAaBWIbHbIU TPECYIOJIbHUK CO CTOPOHOU g,

2
a BLICOTa paBHA 3 BBICOTBI NPABUILHOIO TETPasIpa.
Y BTOpOIf B OCHOBAaHUM NPABWJIbHBIA TPEyrojbHUK CO
L 2 2
CTOPOHOI 3, @ BBICOTA — 3 BBICOTEI TETPA3pa.

17. IlpoBeneM IJIOCKOCTb, INApaJlI€JbHYIO OCHOBA-
HUIO MPU3MBI U NPOXOJSAIIYIO Yepe3 Ty Xe TOUKY Ha ee
ocu. OTa MJIOCKOCTb AEJIUT OCh IIPU3MBI, €€ OOKOBYIO 10~
BEPXHOCTb U 00bEeM Ha Takue Xe (paBHOBEJIUKUE) YaCTH,
qT0 1 ucxonHasi. (OObeMbl Te MPU MPOTUBOMIOJIOKHBIX

IpaHsX MPU3MBI U IUIOMAAM Ha HUX «B3aUMHO YHUUTO-
KaIOTCsI». )

5.4

7 o
1. Omeem: 77 - HckoMblii 00beM paBeH pa3HOCTU
00BEeMOB JIBYX IUpaMU/I, [IOJJOOHBIX JaHHOMU, ¢ K0ahdu-

2 1
nnueHTaMn HOI[O6I/I$[ § nu § COOTBCTCTBCHHO.

[a
2. Omeem: 3 T OObeM yacT JaHHOTO I1apa, HaXxo-

., o
MAMIENUCA BHYTpU ABYI'PAHHOTO YIJla, paBE€H ﬁ qacTu

o0beMa Bcero uiapa, a OTHOILIEHUE 00bEMOB JIIOObIX JIBYX
L1apOB paBHO KyOy OTHOILIEHUS UX PaJuyCOB.
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3. Omeem: 1:3/2 — 1. Bepxusisi uactb — NUpaMua,

. 1
MOIO0HAS NCXOTHOM, ¢ KO PULMeHTOM ogo0us 3 5 (ee

00beM paBeH IOJIOBUHE 00beMa UCXOIHOM TMpaMU/IbI).

4. Omesem: 87;1 . Uckompblii 00BeM paBeH pa3HOCTH

00bEeMOB IBYX nUpamu, moao0oHbIx granHoi. Ux ocnosa-
HUSI — MHOTOYTOJIbHUKH, MOJOOHBIE OCHOBAHUIO UCXOI-

o 1 2
HOI mupaMuibl ¢ Ko3dduurenTamMu nonoous A@ n 3
COOTBETCTBEHHO (OTHOILEHHEe IUIouafeil MoJ0OHBIX
MHOTIOYTOJIbHUKOB PaBHO KBaJpaTy KoadduimeHnra no-

3
no6us). CirenoBaTeabHO, UX 0ObEMbl paBHBIL: 3 » ( ﬁ) U
D 3
()

1. Omeem: a31£§ . OcHOBaHue TeTpasjipa — NpaBUJb-

HBbIii TPEYroJbHUK €O CTOpoHOW a. Ero miomaap —

2
a f . Boicora TeTpasjipa —a @

5.5

2. H3meHeHue B yCIOBHH: BMeCTO NHPAMHIBI
Vv Vv Vv

ACA,C, — mupamuna ACB\D,. Omsem: ¢, 3, ¢ ¥ ¢.
IInowans ocHoBaHus ABC
nupamunbl ABCC, paBHa I10-

Cy JIOBUHE ILIONIA COOTBETCT-
n ByIOIIE}d T'paHU Iapajulese-
A nurena, a ee BbICOTa, OITy-
HleHHast u3 BepluuHol C;, —

C  paBHa BbICOTE NapaJliesielu-

nena. Takum oOpasom, 00Bb-

A B em nupamunbl ABCC, paBeH

1
- o0beMa mapaJeenure-
Puc. 6 6 p
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na. (AHaJIOrMYHO HaxoIuTcs oobeM nupamunbl ABDB;,

y KOTOpOii B KauyecTBe OCHOBaHMs BbIOMpAeTcsl TpaHb
ABD.) ITupamuna ACB,D, nojyuaercsi u3 napajuieiie-

nurena  orpesanueM  4erbipex mupamun  ADCD,,
B\D,C,C, ABCB, n A\B,DA, obbeM KaXIOi U3 KOTO-

V
PbIX paB€H g (OCHOBaHI/Ie — IOJIOBUHA COOTBETCTBYIO-

el TpaHU MapalulesienuIiesia, BbICOTa paBHa BBICOTE
napajuiesienunena). MHOrorpaHHUK, BeplIMHAMEM KOTO-
pOro SIBJISIIOTCS LICHTPBI IPAHEH JaHHOTO MapaJuiesieru-
Tienia, COCTOUT U3 JIBYX PaBHBIX YETHIPEXYTOJbHBIX MHpa-
MU ¢ obmM ocHoBaHueM (puc. 6). [liomans ocHOBa-
HUSI paBHA [OJIOBMHE ILUIOMIAM COOTBETCTBYIOIIEH
TpaHu Mapajulelienuriena, a BHICOTa — IOJOBHHE BBICO-
ThI Napajuienenunena. Takum obpa3om, o0beM KaxXaoi

NMrUpaMu bl paB€H % .

1
3. Omeem: gabc. PaccMoTpeB B KauecTBe OCHOBaHU S

nvpaMuzibl OfIHy M3 ee OOKOBBIX rpaHeil (Hampumep,
CO CTOpPOHaMHU @ ¥ b), Mbl TIOJYYUM: OCHOBaHHE MTMPaAMU-
JIbl — TPSIMOYTOJIbHBIA TPEYroJIbHUK CO CTOPOHAMU d U
b, BeICOTAa — C.

4. Omeem: 1—2. OObeM NaHHOU NMUpaMubl paBeH 4

J61

(w3 mpenpiayIel 3amaun). Haiitn miomans ocHOBaHUS
[IMpaMK/Jibl MOXXHO, Haitjis 110 Teopeme Iudaropa ero cro-
poHbl. Ho nyuiie Bocnosib30oBaThCsl pe3yIbTaToM 3alauu
20 (m. 2) u3 § 1.7 yueOHuKa (17151 TPEYTOJBHON MAPAMUTIBI
C MOIApHO IepIEeHIMKYJISPHbBIMA OOKOBBIMU pedpamu
KBaJIpaT IUIOLIAAM OCHOBAaHUSl PaBeH CyMMe KBalpaTOB
IoMmaaeli 60KOBBIX rpaHeit). 3Has TIIoIa b OCHOBAHMS
1 00beM MUPAMUJIbL, MOKHO HAiTH ee BBICOTY.

3 "
5. Omeem: 5 ITnomanb ocHOBaHUS JaHHOW TUPAMU-

161 (TTPaBUIIBHOTO MIECTUYTOJIbHUKA CO CTOPOHOI 1) paB-

3.3
Ha Tf (OoH cocTOUT U3 6 MPaBUJIbHBIX TPEYTOJbHUKOB
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co cropoHoii 1). BeicoTa nmupamuze! paBHa /3 (ocHOBa-
HUE BBICOTHI — LIEHTP ILECTUYTOJIbHHKA ).

6. Omeem: 1. Bo3bMeM B KadyeCcTBe OCHOBaHUsI HaH-
HOW NupaMuibl TPEYrOJbHUK CO CTOPOHamMu 2, 2 1 J6 .

Ero miomans pasHa g Taxk kak OokoBble pebpa nu-

paMuibl paBHbI, TO OCHOBAaHUE BBICOTBI COBIIAAA€T C
LHEHTPOM OKPYXKHOCTH, OIMMMCAaHHOM OKOJIO OCHOBaHWS.

Panuyc stoit okpyxXHOCTH — 2 ﬁ . Takum obpa3om, BbI-

coTa nupaMujbl — 2 ﬁ .

7. 3adukcupyem OJIMH U3 OTPE3KOB, a BTOPOil Oyiem
nepeMeiathb. Jlokaxem, 4To 0OBbEMbl BCEBO3MOXHBIX
TETPad/IpOB C BEpUIMHAMU B KOHIIAX JAHHBIX OTPE3KOB
paBHbI. [lnomany TpeyroibHUKa, IBE BEpUIMHBI KOTO-
pOro — KOHLBI [lepeMellaolerocs no AaHHOH npsiMoii
OTpe3Ka, a TpeThsl — (UKCUPOBaHa, MOCTOSIHHA (IJIMHA
OCHOBaHMSI Y BBICOTA — PACCTOSIHUS OT 3aJaHHOU TOUKU
IO 3aJJaHHOU MpsSIMON — He MeHstoTces). PaccTosiHue ot
YETBEPTON BEpIIMHBI TeTpadjpa IO IUJIOCKOCTH ITOTO
TPEYroJbHUKA IOCTOSIHHO (M IJIOCKOCTh, M TOYKA —
¢dukcuposannsie). Takum o0Opa3oM, 0O0beMBI BCEBO3-
MOXHBIX TaKMX TETpPa’ipoB paBHbl. To Xe camoe —
ecJiv Mbl OyJieM rnepemMeniaTth Ipyroi OTpe3ok, T. €. 00b-
eMbl BceX TaKUX TeTpadJpOB PaBHbL

8. 3anuieM cHavasia HEKOTOPbIE COOTHOLLIEHUST MEX-
Jy BeJIMUMHAMM, YKa3aHHBIMU B yciaoBuU. PaccmoTpum
clly4ail TpeyrojabHOI NrpaMuibl, MyHKT a). O603HauuM
yepe3 A, S 1 O COOTBETCTBEHHO OJIHY U3 BEPIIUH OCHO-
BaHMs MPaMUIbl, €€ BEPIINHY U LIEHTP OCHOBAaHMS.

1. Y3 npsamoyroyibHOro TpeyroibHuka ASQ nonydaem

2
W=b-%, (1)

2. Ilyctb npamasd SQ BTOPUYHO IepeceKaeT ONUCaH-
HYIO OKOJIO UpaMUIbl cpepy B Touke P. B npsMoyross-
HOM TpeyrojbHuke ASP runorenysa SP paBHa 2R, kaTeT
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AS paBeH b, a ero npoekus Ha TUIIOTeHy3y paBHa h. OT-

ciofia rmojiyuaeM cooTHoleHue b = 2Rh. (2)

3. ITnomans 60KOBOM IpaHU HETPYIHO BBIPA3UTh ye-

pe3a u b. Umeem Q = i—i J4b2 - a?. (3)

4. Ecniu ¢ — JABYIpaHHBId YroJl IpU OCHOBaHWHU

_h _ 2h./3 o 2rf )

[MpaMuUbl, TO tg @ = A a tgy = . Hc

6

110J1b3Yy 51 (hOpMYyJTy TaHreHca IBOMHOIO yIiia, OJyYuM /i =

_ _2ra (4)
T a?-12r2°

Tenepb BbIpa3nuM 00beM Uepe3 BCEBO3MOXHbBIE Maphbl
(KpoMe yKa3aHHBIX B YCIIOBUM ):

_la23 | a* _ 1 ,
1V_§T bz—?—l—za A/3b2—d2.

_ 15
2.V = uahﬁ.

3. 3amenum B bopmyuie (1) b2 o popmyiie (2). ITomy-
YUM KBaJpaTHOE ypaBHEHWE OTHOCHUTEIbHO /. Halinem
h 4yepe3 a u R u noncraBum B popmyay 1. 2. [loayuum

V= gaz(Ri R2-%)

4. 3amensisi B popmyde 1. 2 h o dopmyJe (4), momy-

a‘r.3
6(a?-12r?)"

5. Breipazum u3 (bopMyan (3) b u moacrasum B hop-
myay 1. 1. [onyunm V = A/48Q2 -a*.

6. Beipasum 1o cbopMyne (1) a? u moacraBuM B ¢op-
myay 1. 2. Homayuum V' = ?h(b2 - h?).

7. Beipazum A u3 ¢Gopmyinbl (2) U MOACTaBUM B IIpe-
J3b4(4R2 - b2)

32R3 )

8. Bo3Bens B kBaapat dhopmyiy (3), HOJyuyuM ypaBHe-

HHe, U3 KOTOpOro HaiimeM a? (mBa 3HaueHwusi). Ilon-
CTaBUB HaiileHHble 3HaueHus B popMyJy 1. 1, moiayuum

quMm V' =

apiayyio hopmyay (1. 6). [oxyuum V' =
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V=t £ JbT-40%)/b> T 2./b7 - 402, Bepyre

Jnbo BepxHue, MO0 HMXKHUE 3HAKU. 3ajlaua umeeT pe-
meHue npu yeiaoBun 2Q < b2 3ajava uMeer 1Ba periie-

Hus, ecm 20 < b? < % 0.

9. 3amensist b2 B hopmyiie 1. 6 o popmysie (2), moay-

yuMm V' = ghz(ZR - h).
10. U3 popmyasl (4) Haitnem a? u noactaBuM B Gop-
_ 3
Myay 1. 2. [Tonyuum V' = 7o

11. 3amenum B hopmy:ie (3) b3, BbIpa3UB 3Ty BeJUUU-
Hy u3 popmydsl (1). Ilocne Bo3BeneHus B KBaapaT MOy~
yuM OMKBaJpaTHOE OTHOCUTEJIBHO ¢ YPaBHEHHUE.

Haiinem a? u nonacraBum B dhopmyay 1. 2. [Tonyuum

V= ?h(ﬁ/%4 + 1202 - 3h2).

12. Y3 popmyx (1) u (2) nonyuaem 6Rh = 3h? + a2.
Haiinem otciona a? u noncraBuMm B dopmyay (4). Ilo-
Jy4dM Tocjie MpeoOpa30BaHUI OTHOCUTENbHO /i KBal-
patHoe ypaBHenue: h* — 2h(R +r) + 4r(R +r) = 0.
U3 sroro ypasHenus noaydaeMm h? = 2(R +r)(h — 2r).
3amenum h? B uucauresie dopmysnl 1. 10. [Monyuum
V=2/3R+nrnr

6) TouHo TakMMHU ke METOJaMHU, KaK U B IPEIbIIY-
IIeM ciIydae, MOJIyIUM CJIeIyIONe COOTHOUICHNSI:

2
h?=p-%, (1)
b2 = 2Rh, 2)
Q=g /a1 -a?, (3)
_ 2ra?
h = a2 - 4r2° (4)

Kaxk Bugure, Tospko ase popmyint (1) u (3) ormua-
I0TCSL OT COOTBETCTBYIOMINX (hOPMYJT IPEAbIAYLLIEro Ciy-
qasl.
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Haiinem o0beM uepe3 COOTBETCTBYIOLIME aphl JaH-
HBIX BEJIMYUH.

2
1.V = “6f2 J2bZ—az.

2.V = za%h.

W~

3.V = Sh(b? - 1?).

4.V = %Z(Ri /RZ—%Z].

b4

5.V= s (4R2 = B2),
6.V = 2h*(2R - h)

_ 2a*r
7. = m .

8.V = %A/16Q2—a4.

9. CHauasna u3 paBenctBa (3) BbIpasuMm a’> W TMOJ-
craBuM B paseHcTBO (1). (Ilpm sToM omuH u3 KOpHeii

ornajzer.) Hafinem h, a 3atem moayumm V = %(b2 -

- JbT=202)4/bT = 402
10. Y3 paBenct (1) u (3) BbIpasum a? yepe3 h u Q.

V= Zh(Ji+ 402 ~12).

11. U3 (4) Belpasum a2 V =

4h2r2
3(h-2r)"

12. Ucnons3yst coornoutenus (1), (2) u (4), no-
JIy4uM i1 i KBajpaTHoe ypaBHeHue h? — 2(R + r)h +
+ 4Rr + 2r> = 0. Haiinem wu3 2T1oro ypaBHeHusi h
U TMOICTaBUM B Ipenplnymylo Gopmyny misg odbema.

[Tonyuum nocne npeoOpazoBanuii V' = gr2(3R +r=x

+ JR?-2Rr-r?).
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9. PaccMOTpUM NpaBUJIbHYIO TPEYTOJIbHYIO TUPaMULY
C YKa3aHHBIMHU B YCJIOBUU MapaMeTpaMHU.

1. Umeem a = 2b sin%c (1). Belpasum 13 3TOro paBeH-

cTtBa b v nozictaBuM B hopmyJty st oobeMa (3anava 5.5,
Ne 8a, n. 1). [Tonyuum V' = J1 + 2cosa.

. O
24s1n§

2. 3ameHUB B Ipenpinyiueil dopmyse misg odbema a
4yepe3 b o popmyie (1), HOﬂy‘{I/IM

3
V= b— sin? < A/l + 2cosa.

2
3. B paBeHcTBe h? = b? - % 3aMeHKM a 1o hopmyJie

(1). ITocne HecTOXHBIX MTPeodbpa3oBaHUii MONYIUM b? =

3
= h2— -
h TF 2cosa” YuutbiBag pe3yabraT IpenbIAYLIero
h3ﬁsin2%
IIYHKTA, IoJy4nm V'= TF Fcosa”

4. B paBeHctBe b? = 2Rh 3ameHuM b (cM. pebLIy i
nyHkT). [Toayuum h = %(1 + 2 cos a)R. Tenepn o dop-
MyJie IpeabIIyIero MyHKTa MoJyYuM

y =38 [(1 + 2 cos 0)? sin? 5 5

5. Ilpu BriBOZE hopMYyJIBI 0OOBEMa Uepe3 r 1 0L BOCIIOJb-
3yeMcsi TeopeMoii 5.6 u3 cienyioiiero naparpaga od o0b-
eMe OINMCAaHHOTO MHOrorpaHHuka. Bblpasum cHauama
MOJIHYIO MOBEPXHOCTh MUpaMuibl uepe3 b u o. Hetpyn-

HO TOJYYUTh PaBEHCTBO § = bz( sino. + ./3sin? 5 3 )

IlpupaBHuBas aBa BblpaxkeHusl JUIsi o0beMa: I10JyYyeH-
Hoe B M. 2 U mo ¢opMyile TeopeMbl 5.6, Hailnem
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Zﬁcos(% - g)
b= r. IloncraBnssa 310 3HaueHue b B

sin%A/l + 2cosa

3 3( & _ T
8r3./3 cos? (2 6)

sin%A/l + 2cosa

3ameuanue. MoOXHO ObUIO OOOUTUCH O€3 UCIIOND-
3oBaHus GHOPMYJIBl U3 cleAyollero naparpada, 4yToobl
BbIPa3uTh b uepe3 r u o. JJist 9TOro BeIpa3uM Iocie0Ba-
TeJIbHO uepe3 b u o BbICOTy OOKOBOI1 rpaHu (TaK Ha3biBae-

dbopmyay 1. 2, moayuuM V' =

Myio arodemy) p = b cos3 CTOPOHY OCHOBaHU$I, pajinyc

2 b
b .

OKPYXHOCTU p = E sm 5 » BIMCAHHOK B OCHOBAHUE, U h.

B nipaMoyrojibHOM TpeyroJjbHUKE € TUIIOTEHY30M p U Ka-

TeTaMu p U h OuccekTpuca, MIpoBeleHHas K KaTeTy /1, Jie-

D h-r

JIUT ero Ha OTpe3Ku r U h —r. Y13 ypaBHeHHUs 5 = =

HaliJieM Hy>XHOE MpeNCcTaBicHe b yepes r u 0.
6. Umeem 20 = b2 sin o.. Haxonum b 1 mocrasisieM B
d)opMyJIy nyHkra 2. [Tosyunm

= 10321 [2(L+ 2cosa)
V= Q t2 sino

a3
7.h = ﬁ tg B. 3Hauur, V = 1—2 tg B.

a
8.bcosP = ek Haxonum a u riojicrasiisieM B 11pe/ibl-

ayiyio dopmyay. onyuum V' = %b3 /3 cos? B sin B.
9. h = b sin B. Beipaxaem b u 11ojicrasiisieM B Gpopmy-
Jy npeaplayiero myHkra. [loayunm V' = %h3ﬁ ctg? B.
10. Umeem b = 2R sin B. 3arem Bocnosb3dyemcsi Ghop-
myuioii 1. 8. IToayuum V' = %R3 /3 sin2 2 sin2 p.
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11. Umeem a = ./3b cosP. INonHas MoBepxXHOCTH

S“[3

2
3 b% - %. 3ameHsisi @ u ipeoOpasysi, MoJy-
bezcos B(cos B + 1 + 3sin2P). [IpupaBHu-

Basl 1Ba BbIpaXXeHUs JUIsl o0beMa: MoJlyyeHHoe B I1. 2 U 110
dbopMyJie TeopeMbl 5.6 (TakKe Mbl [IOCTYIAJIX B IIyHKTeE 5),

1+ J1+ 412

sinf3

quMm S =

r. IloacTaBuB HaiiieHHOE BhI-

:]/‘3[

HalineMm b =

paxeHue B GopMyJly II. 2, OayYum V'

+ J1 + 41g2B )3
12. UmeeMa = /3bcosB,Q = a bz— - Bpra3I/IM

ctg? B (1 +

Q uepes b. [lonyuum Q = szA/4 —3cos?f cos . U3

3TOr0 paBeHCTBA HailieM b u nojacraBuM B (opmyity
2Q3/2 /Cth

43(4 + ctg?p)’

a a’
13.h = 27 tgy, V= 54 tgvy.

14. b = /h2+ = tg_y % CireqoBaTeNbHO,

a= b— IToncraisis B ipeablayiinyo GopmyJy,

Jtg?y + 4
__ 0B
noiayyuM V = g2y + 47 tg .

15.V = h3./3 ctg?y.

1. 8. [Tonyuum V' =

16. U b2 = 2Rh. K ,hzit
MeeM pOMe TOro 23 gy
2./3
eMm. . 13) m a = ————— (1. 14). U3 nocaemuux
( ) tg?y + 4 ( )
btgy
BYX PaABEHCTB BbIpa3uMm A uepe3 b: h = —=— =
AOBYX p P P tgzy =
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b

1+ 4ctgly
2R

J1 + 4ctg?y’

[To dbopwmyiie . 14 naitnem V' =

U IIOJACTaBUM B IIEPBOEC PABEHCTBO. HOJ’IY'

quMm b =

8R3./3ctg?y
(1 + 4ctg?y)®”

17. Umeem: h = r C‘[g% tgy = rl + cosy siny _

siny  cosy

= rlto%y 3ameHsga A B dopmyne 1. 15, noayyaem
_ 3 (1 + cosy)?
/3 cosysin?y

18. Ilyctb cropoHa ocHoBaHus pasHa a. ITockoisbky
IJI0IIA b NTPOeKU MU OOKOBOI rpaHi Ha OCHOBaHHUE paB-
Ha TpeTH IUIOLIaly OCHOBaHMS, INOJyyaeM PaBEHCTBO

3
Qcosy=a*=5 - W3 sTOro paBeHcTBa BBIPa3uM d U IOA-

craBuM B popmyay n. 13. Ilocne npeobpazoBaHuii nomy-

3/2
yaem V' = Q- sin y J/cosy.
43
19. IlpoBeneM ceuyeHue uvepe3 CTOPOHY OCHOBAHMS
MEePIICHIMKYJISIPHO TTPOTUBOMOJ0XHOMY OOKOBOMY peO-
py. B ceuenun Oyner paBHOOEIPEHHBIN TPEYrOJBHUK C
YIJOM ¢ MPOTUB OCHOBaHWUs. BbicoTa, mpoBeneHHasi K

OCHOBaHHUIO, Oy1eT paBHa d = % ctg% . C 1pyroii cTopoHbl,

d= aﬁ sin . TakuMm obpa3zom, sin § = L Ctg%. 3HauwuT,

2 V&
cos B = Jl - —cth(p J3(1 2cos¢) . 3ameHss B pop-

MyJie 11. 7 TpuroHomerpuyeckue GyHkumuu or yria f§ ux
)

a3cos

12./1-2cose
b3(1 - ZCoscp)cos%

BbIpaXXEHUSIMU Yepe3 Yol ¢, IoNyyuMm V' =

20.Cm.11.19u 8, IV =
1ZSin3%
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h3.J3(1 = 2coso)

29
2

2R3J§cos4§(l —-2c0sQ)

21.CM. 1. 19u 9, V =
4cos

22.Cm.11. 19 10, V =

. ()9
27sin >

r3J3(J1T=2cos¢ + 3)°
41 - ZCOS(pcos~—

24.Cm. . 19 12,V = §Q3/Zcosg 4/1=2cose.

23.Cm.11. 19 11, V =

10. PaccMOTpUM NPaBUJIbHYIO YETBIPEXYTOJIbHYIO TU-
pamujy.

1. Umeem a = 2b sin%c (1). Belpasum 13 3TOro paBeH-

cTBa b 1 nojActaBuM B bopmyy sl oobema (3anava 5.5,

3/
Ne 86, . 1). Monyunm V' = £2LE0C
6sin5

2. 3aMeHUB B npenplnyLiei popmysie 1 oobeMa a ue-

pe3 b o popmysie (1), monyunm V = §b3 sin? % cosa.

2
3. B paBeHcTBe h? = b? — % 3aMeHKM a 1o hopmyJie

1

cosa.”
VuursiBas pe3yabTar NpeAblAyICro ITYHKTA, IOJYYUM

(1). TMocne npeobpazoBanmii mosyuum b> = h?

sin22
V= ‘_‘h3 2
37 cosa”

4. B paBeHcTBe b? = 2Rh 3aMeHUM b (CM. IPEIbIAYIITHAI
nyHKT). [Tonyunm i = 2R cos o. Teniepb 11o hopmysie rpe-

32 .
JBIAYIIETO MYHKTA MOJTyYnM V = ?R3 cos? o, sin? %

62



5. PaccMoTpuM cedeHHe IIOCKOCTbIO, MPOXOAsIIeit
yepe3 BEpLIMHY MUPaMUIbl U CEPEeIUHbl IBYX MPOTUBO-
IIOJIOXKHBIX CTOPOH OCHOBaHus. Pajnuyc OKpyXHOCTH,
BIIMCAHHOW B 3TO CEUeHHUe, paBeH 7. YKa3aHHOe ceyve-
HUe sBJsIeTCS paBHOOEIPEHHbIM TPEYrOJIbHUKOM C

o . o
> W OCHOBaHHeM 2bsinz .

OOKOBBIMU CTOPOHAMHU bcos2 >

IlepumeTp 3TOro cevyeHus! paBeH Zb(cos% + sin%) =

= Q,bA/QCOS(%c - g ) BbICOTa, MNpOoBEACHHAsA K OCHOBa-

HUIO, paBHa b ./coso.. Belpaxas niomniaib TpeyrojibHUKa
IBYMs crloco0aMu M NpUpPaBHUABAS 3TU BbIpaKeHUs, 110~
T

JTYy4UM brﬁcos(% ~ 7 ) = b?./cosa sin%. Beipazum u3

3TOTO paBeHCTBa b U noxacraBuM B popmyay 1. 2. [lony-

0053(9 _ T_E)
2 4
yuMm V = STﬁr3—.

sinZcoso
2
6. Umeem 2Q = b2 sin o.. Haxoaum b 1 nojacraBiisieM B
dopmyay 1. 2. oayuum V' = # Q3/2tg% ctgot.
a3 .2

— =
7.h = ﬁtg B. CnenosaresbHo, V' 518 B.

8.bcosP = %2 . Haxonum a v nozacrasisgeM B popmyiy

npeabiayinero nyHkra. [ogyuum V' = §b3 cos? B sin P.

9. §h3 ctg? B.
10. Umeem b = 2R sin B. 3atem Bocnosib3yemcs Gop-
mysoit myHkra 8. [Tonyuum V' = §R3 sin? 23 sin? .

11. Umeem a = /2 bcos B. PaccMOTpUM cedeHue T1oc-
KOCTbIO, IPOXOsIileld uepe3 BepIIMHY IUpaMUIIbl U cepe-
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AWHBI IBYX IMPOTUBOIIOJIOKHBIX CTOPOH OCHOBAaHUAI. Pa-
INYC OKPYXHOCTH, BIMCAaHHOM B 3TO CeYEHHe, PaBEH 1.
VKazaHHOe ceyeHHe SIBISIETCsI paBHO6eI[peHHbIM Tpe-

YIOJIbHUKOM ¢ OOKOBbIMU cTOpoHamu [b2 — %az =
1

=b |1- zCOSZB 1 ocHOBaHMeM a = ./2b cos B. Ero BbI-

cora bsin 3, a mepumeTp paBeH b(2 11— %COSZB +

+ J2cos B ) [Nonyyaem paBeHCTBO (CM., HapuMep, I1. 5)

br(2 1- 10052[3 + ﬁcosB) = ./2b2 cos P sin B. OTKy-

na b = N2 = cos*B + cosB _ B (1 + L@+ 1)

cosPsinf sin
[ToncraBnsas HaliieHHOE BelpaxeHue B opmyay 1. 8, 1o-

ayumm V' = %13 ctg?B (1 + J2tg2B + 1)3

12. Umeem a = .2bcos B. Kpome Toro, BbIcOTa
OOKOBO# rpaHu (CM. TIpeAbIIYIIMI TIYHKT) paBHA

b |1- %COSZB. [lony4yaem paBeHCTBO

20 = 2b2cos B |1 - %0052[3 =b2cos B 42 - cos?P.

Haxoaum u3 mnocjenHero paBeHCTBa b U IOJCTAB-
asieM B popmyay 1. 8. ITonyunm

vV o= 4ﬁQ3/2 __dctgB
N(2 + ctg?B)’

13.h = atgy,V= %cﬂtgy.

14. b2 = h? + 1a2 = laz(‘[g Y + 2). Beipaxaem u3

3TOrO PaBEHCTBA d U MOJACTaBJIsIeM B (pOpMyJly Ipeblay-
4b3tgy

g+ 27

LIEro MYHKTA, [oJy4uM V' =
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15.V = §h3 ctg? vy.

16. Wmeem b2 =2Rh. Kpome TOro, h = %tgy

(emv.n. 13) u a = btg%—l-z (n. 14). W3 nocneaHux
bt
IBYX PaBEHCTB BbIpa3uM h uepe3 b: h = tg%iz =
= ﬁ W TMOJCTaBUM B IepBO€ pPaBEHCTBO.
[Monyunm b = %ﬁgzy . Ilo dopmyne . 14 Halinem
32R3ctg?y

VS 3T 2agy
1 + cosy siny

S = 1 = r—— =
17. Ameem: h = rctgy 18y = r—g = ooy =

:rlto%y . 3aMeHsa h B dopmyne 0. 15, monydaem
4 51 + cosy)?
3 r —2 .
cosysin?y
18. Ilyctb cropoHa ocHoBaHus pasHa a. ITockoisbky

jomanb MMpoeKunun OOKOBOI I'PaHU Ha OCHOBAaHUE paB-
Ha Y€TBEPTHU IJIOIAA1 OCHOBAHU!I, ITOJIYyYa€M paBEHCTBO

V=

1
Qcosy = Zaz. W3 sToro paBeHcTBa BbIpaxaeM d U IOJI-

crasuM B (popmyay 1. 13. Ilocne npeobpazoBanuii nosy-

3/2
yaem V' = 30 sin y./cosy.

3
19. ctgg = sinB (1), cosp = /1 —ctgzg = L
sin2
2
X A/—cos® (2). 3amensiss TpuronoMeTpudeckre GyHKIMN
a%/icos9
ra 3 B popmysie 1. 7, noayuum V = R .
y ’ 2./—cos
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20. U3 dopmyssl 1. 8 Ha ocHOBaHUU paBeHCTB (1) u

2b3coscpcosg
(2) . 19 nonywyaem V' = - .
3sin32
2
21. U3 dopmysnel 1. 9 Ha ocHOBaHMU paBeHCTB (1) u
3
(2) n. 19 nonyyaem V' = _Mp-
3cos?d
2
22. Y3 ¢popmyasl 1. 10 Ha ocHOBaHUU paBeHCcTB (1) u
16R3 cos‘%cosm
(2) n. 19 nonyuaem V' = - ——.
3sin6g

23. 3 popmyrbl 1. 11 Ha ocHOBaHUM paBeHCTB (1) 1 (2)

Q
> — 3
2 v 21’3(1 + ./—CcosQ)

COS

1. 19 nosyuaem tg B =

J=cosg’ 3 COSZ%A/—COS([) .
24. Y3 ¢popmyasl 1. 12 Ha ocHoBaHUU paBeHcTB (1) u

(2) . 19 monyvyaem V' = ngcosg 4/—cos@.

11. Omeem: % O6bem nupamunbl ACBD, paBeH %

(cM. pemenune 3amaum 2). Kaxnasi rpaHb NHUpaMujibl
A,CBD nepecekaer ee pebpa B cepeIMHax U OTCEKaeT

OT Hee nupamuny, nogoodnywo ACB,D,, ¢ Koadduuuen-
TOM 1101004 % (puc. 7) 1 06beMOM, paBHBIM % o0bemMa
nupamunbl ACB | D;.

12. Omeem: a) 1:5; 6) 9:119. a) [LockocTb, Mpoxo-
nsmasi yepe3 IMAroHalW TPeX COCEIHUX IpaHell KybOa
(puc. 8), MepHeHIUKYISIpHA COOTBETCTBYIOIIEH IHAro-
HaJi Ky0a U 1euT ee B oTHoleHuH 1 : 2. OHa oTceKaeT
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A B
Puc. 7 Puc. 8

1
oT Kyba TeTpasjip, 00beM KOTOPOro paBeH g vacti o0n-

eMa Ky0a (cM. pellieHue 3a1auu 2).
0) JlanHas MJIOCKOCTh OTCEKaeT OT Kyba muMpamwuiy,
oI0OHYI0 TMpaMuie U3 TIYHKTa a), ¢ KoapduimeHToM

rnonaooust }1 : % = % Takum obpaszom, ee 00beM paBeH

27 ., 9
el obbema OoJibLIel MUpaMUAbI TN 178 obbema Kyba.

13. Omeem: 4,5. BozpmeM Ha oTpe3ke KM Touky P,
Takylo, uro KP = 2. Takum o0pa3oM, MHOTOTpaHHUK
ABCDKM wmoxHO pa30uTh Ha JBE 4YacTU: [pU3MY
ABCKP v nupamuny BCPM (puc. 9). O6beM npu3Mbl
paseH 3 (o Teopeme 5.3). O6bem nupamuasl BCPM pa-

1
BeH 3 obbema Mpu3Mel ¢ ocHoBaHHeM BCP 1 60KOBbIMU

pebpamu, napanieabHeiMu PM (ee o0beM HaxOmMTCs
aHAJIOTMYHO).

14. Her, He cymectyet. U3 popMyiibl oObema TeTpa-
3/pa cleayeT, UTo IUIOIIALM ero rpaHeil oopaTHo Ipo-
MIOPLUMOHAIbHBI BbicOTaM. TakuMm o0pazoM, IUIOanu
rpa”Heil otHocATcs Kak 1:2:3:6, a 3TOr0 He MOXeT
ObITh, TaK KakK ILJIOIIA/b JI000I rpaHu Terpasiapa 00jb-
11I€ CYMMBI IUIOIIAIel OCTaJIbHBIX €ro rpaHex.

15. Omeem: ;—; Haiinem 06beM MHOrorpaHHHuKa, Ko-

TOprfI OTCEKA€T OT IMUpaMHUIbl OJIHA U3 rockocrteid. OH
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Puc. 9 Puc. 10

COCTOMT M3 IMpaMuibl, 110J00HoN nupamuse ABCD c
1

K03 puLmeHTOM ono0us 3 , U IPU3MBL, OCHOBaHUE KO-

TOPO# MOJ00HO OCHOBAHMIO TTUPAMUJIbI ¢ KOIGDhUIIMEH-

1 . 2
TOM § 1 BbICOTAa KOTOpPpOU paBHa g BBICOTHI ITUPpAMUIbI

(puc. 10). OO6BeM 5TOro MHOTOTpaHHMKA paBeH 217

(Oﬁ’beM MU paMUAIbl — 2l7 , 00beM IPU3MbI — %S ) %h -

2 1 2 .
=3 gSh =3 ) Taxoii ke MHOTOrpaHHUK OTCEKaeT OT

N1UpaMuabl 1 BTOpas MJIOCKOCTb.

5.6
1. Omeem: % J2SPQ . Ecim a, b u ¢ — JIJIMHBL 3TUX

pebep, To SPQ= %azbzcz, a 00beM IUpaMHJIbI — %abc.

2. Omeem: éabd (o dopmyiie U3 Teopemsl 5.8).

153./35
34

ABC n ABD w Bocnoab3oBaTtbecsad (GopMyJIold U3 Teope-
MBI 5.7.

3. Omeem: . Hamo Haiity niomanu rpaHei
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4. Omeem: % . JIBe rpaHu JaHHOM

[MpaMu/ibl — PaBHOCTOPOHHUE Tpe-
YrOJbHUKM €O CTOPOHOI# 1. JIByrpan-
HBI/ yroj MeXIy HUMU paBeH yIBO-
€HHOMY JIBYTpaHHOMY VIJly B IIpa-
BuIbHOM TeTpasnpe (puc. 11). Ilo
TeopeMe 5.7 MOXHO HalTH ee OObeM.

(ECJII/I 0. — JIBYTPaHHBIA YIroJj B IIpa-

2.2

BUJILHOM TETPasiipe, TO COS 0 = —3= Puc. 11

. 1
U sin o = —.)

3

VW By VY
"30” 40° 180° 10° 24°
™ 00beM nupamuipl KLMG, 3Hasi 00beMbl IApaMUJL
KIMC v KLMP. Ecnu paccrosaaud ot P u C 1o mioc-
KOCTM KLLM paBHbI COOTBETCTBEHHO X U Y, TO PacCTos-

5. Omeem ITokaxem, Kak Hali-

. 2 1
HUe oT G 110 3TOli Xe IJIOCKOCTH OyIeT paBHO 3 X + 3.

Takum 00pa3oMm, o0beM yKa3aHHOH IMpaMuibl paBeH

2 1 23V
Vi + 3Vime = Tgp -

6. Omeem: ﬂ. I[lo Teopeme 5.5 Vokiy =
45 VDABC
DK DL DM _ 2 1 2 _ 4 B
~DA'DB'DC = 3°3°5 = 75> OTKyHa Vi y =
_ 4
-4

7. Omeem: 2l7 PeOpa nupamuiibl ¢ BeplIMHAMU B

TOYKAax [epeceyeHrus MeauaH IpaHell UCXOMHOW mupa-
MU/l [1apaJljlesibHbl pedpaM MCXOJHOHM IHpaMujbl U

1
PaBHbI 3 COOTBETCTBYIOLIUX peGep (HyXHO paccMOTpeThb

ceyeHue, IpoXonsllee yepe3 MeIUaHbl IBYX COCEIHUX
rpaHeii, BEIXOISIIME U3 OXHON BEPIIUHBI).
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6 .
8. Omeem: . JlocraToyHO HaWTH

34 /13 + 2./10

o0beM IMpaMu/Ibl U IJIOLIAIN BCEX ee TpaHei, 1ocle ye-
r'0 BOCIIOJIb30BaThCs TeopeMoii 5.6.

1
9. Omegem: = . O0beM TeTpasjipa, MOCTPOCHHOTO Ha

72
1
9TUX IMaroHaJisx, pasen V= = ( ILIOMIAb OCHOBAHMSL 5 ,
BbICOTA — 1) ITo Teopeme 5.8 Vi npp 1 V'= A% ne

d — mjivHa uaroHajau rpaHu Kyoa.

10. Omeem: ofV. 3anumure bopmyiy (7) U3 teope-
mbl 5.8 st nupamun, ABCD n MNPQ (IIpOTHBOIIONIOX-
Hele pebpa AB 1 CD u MN u PQ cOOTBETCTBEHHO).

V
11. Omeem: R IInomans TtpeyroabHuka DKL B
LIecTb pa3 MeHbllIe IUI0Laau TpeyroabHuka DCB, a pac-
2
crossHue oT Touku M no nuockoctu DCB paBHO z pac

CTOSIHUS OT A 10 TOH Xe MIOCKOCTH.
2 VvV 3 V23

12. Omeem: BV’ &0’ EV’ 22’ 120
HMsE o0beMa Moc/enHell MMpaMuIbl BOCIIOJb3YiiTech pa-

BEHCTBOM Vi 1/ = |VNKLB + Vs = Vims = VKLMB| =
2B,
120

V. lns Haxoxe-

13. Omeem: %azhﬁ. [Iycts ABC — nipaBUJIbHBIA

TPEYroJIbHUK, BIIMCAHHBIM B OJHO M3 OCHOBAaHWKM Lu-
mHapa, AB;C| — npaBUJbHBIA TPEYroJbHUK, BIIACAH-
HBII B Ipyroe ocHoBaHue, npuyeM AA,, BB, u CC, npo-
XOZAT yepe3 LEHTPp LWJIMHAPA. YKa3aHHbIE TPEYTOJbHA-
KM PAacIOJOXEHbl OTHOCUTENBHO IPYr JApyra Tak, Kak
cKazaHo B yciuoBud. OObeM MHOIOIPaHHUKA PaBEH Y-
BOEHHOMY 00BEMY  YeTbIPEXYrOJbHOW  NUpPaMUIBI
ACA,C,B (ACA,C, — ocHoBaHue). O0beM Xe 3TOH Mu-
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a A B
Puc. 12 Puc. 13

paMHIbl PaBEH YABOEHHOMY 00beMy nupaMuabl ABCA,.

Hckomblil 00beM paBeH %azh J3.

4/3

3 U3 reopemsr 1.19 (o mio-
a1y MPOeKLXH) IUIoalb OCHOBAHUS MUPaMUIbl PaB-
Ha 6-cos 60° = 3. Takum oOpa3om, 1o Teopeme 5.6 ee
o0beM paBeH 3r. Paanyc oKpyKHOCTH, BIIMCAHHOH B OC-

14. Omsem: 3r, 0 < r <

HOBaHHUE, paBeH 7 /3 . OH MOXeT ObITh CKOJIb YTOIHO Ma-
JIeHbKUM, U OH He Oouiblile paauyca OKPYXHOCTH, BIU-
CaHHOU B MPaBUJIbHBIA TpeyroibHUK aomanu 3. Takum

4/3
o0pa3om, 3aaua uMeeT perieHue, ecim 0 < r < 3 -

15. Omeem: %bh(Z a + ¢). Ecima > ¢, To 9TOT MHOTO-

I'PAaHHUK MOXKHO pa3OoUTh HA IIPU3MY U YETHIPEXYTOJIbHYIO
nupamuny (puc. 12). O6wem npusmsl (1o Teopeme 5.3) pa-

1
BeH 5 ¢b + h (6okoBasi rpaHb — MPSIMOYTOJIBHUK CO CTOPO-

HaMHU ¢ U b, h — paccTosiHuE OT IPOTHUBOIIOJIOXHOIO ped-

1

1—3 (@a—c)b+h (oc-
HOBaHME — IPSMOYTOJbHUK CO CTOPOHAMU d — ¢ U b,
BicoTa — h). Ecim a < ¢, To 00beM BBIUHMCIISETCS TaK Xe,

pa 10 aTo¥ rpann). O0beM NupamMuIb

Kak B 3afaue 13 (u3 5.5) u paBeH %ab h + é(c -a)b-h
(oTBeT B 00OMX CITy4asiX ONUHAKOBBIH ).
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16. Omeem: %azhﬁ. IIycte orpesok MN mnapaiie-

JieH cTopoHe AB (Toraa oH napaiieneH u DE). MHoro-
rpanHuK ABCDEFMN cocrout u3 nnpusmel ABDEMN n

nByx nupamun (puc. 13). O6beM Npu3Mbl paBeH %azh J3

(ABDE — npsamoyronbuuk, AE = BD = ,/3). O6beMmbl

IMpaMujl paBHbl MeXJy coOOi UM paBHbI f—zazhﬁ

(OCHOBaHI/IH— tpeyrosbHukun EFA nw BCD momanmn
a?
4

3 , BBIcOTa — A )

17. Omeem: % Cmotpu perieHue 3anauu 12, mo-

CJIEIHUI IIYHKT.

5.7

1. I'To Teopeme 5.7 (dbopmyna (6)) oTHOLIEHHE 00BEMOB
NMpaMuji, Ha KOTopble aeauT nupamuny ABCD nannas
OricceKTOpHas MJIOCKOCTh, paBHO P : , a o teopeme 5.8
(dbopmymna (7)) 2T0 OTHOIIEHME PAaBHO OTHOIIEHWIO Yac-
Teil peOpa BD, Ha KOTOpble €ro HeauT OUCCeKTOpHas
IJIOCKOCTb IBYTPaHHOrO yria ¢ pedopom AC.

2PQ cosZ
2. Omegem: TT0 - [Iycts miolanb 3Toro Tpe-
yronbHuKa paBHa S. ITo Teopeme 5.7 V 450y = 2PQsina %Zm“ =

2PSsin2 250 sin%‘

2
- + 3a

3a
J1a HaxoauM S.

, Tne a — nnnHa peopa AC, OTKy-

3. Omeem: arcsin J% HyxHo Haiitn o0beM nupamu-

Ibl, TI0aau rpadeit ABD u BCD (tpeyronbHuk BCD —
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MPSIMOYTOJIBHBIN) U BOCHOJB30BaThesl bopmyoil (6)
(Teopema 5.7).

2./14

4. Omeem: arcsin—— . AHaJOTMYHO MpeAbIayLIen

J65

3anmave (TpeyroibHUK ABD — TIpSIMOYTOJIbHBIN ).

5.Omeem: 2 : 1, or BepumHbl S. [lonoxum SP = xSD,
a obpeM maHHOU nupamuael — 3. Torna o6bem nupa-

VSKLC

muibsl SABC pasen 2V. Ilo teopeme 5.5 % =
SABC

_SK SL SC _ 1

e — « —— Z . l — l 3 U V — K
“SA'SB'SC T 373 T 120 OMAML Vskic T G-
Ananoruyto Vegpe = ;—CV, Vekp = 1x_2 VaVgpe= %CV.
Tentepb u3 ycnoBust Vg, o + Voxpe = Vgxp + Vg pe Ha-

2
XOIUM X = 3.

6. Omeem: 25PQ ,
S+P+Q+ . JST+ P+ Q2
J25P0O

O0BeM JaHHOI MUpaMHIbl

S+P+Q-.JS2+ P+ Q%
paBeH % N2SPQ (cMm. 3amauy 1 u3 5.6), a mioiaab OCHO-
BaHUS — A/S? + P? + Q? (3amaua 20 u3 1.7). Tenepb 1o

TeopeMe 5.6 MOXHO HaWTH pajinyc BIIMCAHHOIO lIapa.
AHajlornuHo Teopeme 5.6 MOXHO Jl0Ka3aTb, YTO 00beM

NpaMuUIbl paBeH % (8- S,) R, rne R — panuyc 1mapa,

Kacalolllerocss OCHOBaHUA U IIPONOJIKEHHUS OOKOBBIX
rpaHeil Terpasnpa, S; — cyMma IUlomanei OOKOBBIX
rpaHeii, a S, — IuIOIanb OCHOBaHUSA, OTKYIa MOXKHO
HaWTHU paauyc 3TOro mapa.

7. Omeem: 18 : 17. Ilyctb E — cepenuna AB. [11o-

1
manb TpeyroibHuka KLE cocraBisger 7 Tiomany Tpe-
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yroiabHuka ABD. (Ot miowanu ABD Haao OTHSTH IUIO-
manu tpeyroabHukoB KILLD, AKE w BEL.) Tlpumem
00beM UCXOJIHOM nupaMuibl 3a 1, Torna oobeM lupaMu-

bl KILME paBeH 1% O6bem nupamunsl KLMC pasen

1
55 - OTcona noayuyuM, yto ooveM nupamuisl KL MG pa-

20°

2 1 1 17
BeH 73 t 55°3 = T55° O6mbem nupamuisl KLLMD
paBeH 23—0 Hckomoe oTHoLIEHME paBHO OTHOLIEHUIO

oobemoB nupamun KLLMD u KLMG, 1.e. 18 : 17.

8. Omeem: 4 : 9. Ilycte E — cepenuna AD. Uckomoe
OTHOLIEHUE PAaBHO OTHOUIEHUIO OOBEMOB IIMpaMujl
BMEK v BMEC. O6bem nupamujibt BMEK cocrasiisier

% oT obbema ucxonHo nupamuisl (ocHoBanue BKE).
O0bem nupamunsl BMEC cocTaBiasieT COOTBETCTBEHHO
13—0 oT o0bemMa UCXONHOM nupamuabl. MckoMoe oTHolIe-
Hue paBHO 4 : 9.

9. Omeem: 5:3. Ilycte AP = xAD. Ilpumem s
ylnobcrBa BbluuciaeHus: oobeMm nupamuibl ABCD 3a 1.

1.1 X 1 b

Torna Vipyp = 5X7 = % Vs = g Virs = 6’
1-x

Vemep = —3—- W3 ypasHenus Vipyp + Vigyp =

. 3
= Viprp T Vpyrp Halinem x = z. FicKomMoe oTHOlIEHHE
PaBHO OTHOLIEHUIO O0BEMOB Vypys U Viurr p-

10. ITycrts OOKOBble pebpa NupaMujibl paBHbl e. Pe-
nad 3afayy aHaJIOTMYHO pa3oOpaHHO B 5.7 3amaue 3,
c c d a a b d d b ¢

a b
HONYUAEM: — *= += + —+=e= = —eZ o= 4 =0 0s
e e e e e e e e e e e e

(yciioBue IPUHAJJICXKHOCTH YeThIPEX TOYEK OJIHOM TLIOC-
KocTH), oTkyna ac(b + d) = bd(a + c¢). Ocrayoch noxue-
JIUTBb 3TO PABEHCTBO Ha abcd.
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11. Omsem: 1. [Inowane TpeyronpHuka AMD pas-
Ha 2. ([luaroHanu yeTblpexyrojbHHUKA IeJSAT ero Ha
YeTblpe TPeyroJbHUKA TaKUX, UYTO IPOU3BEAECHUS IUIO-
majseil MPOTHUBOIMOJOXHBIX TPEYroJbHUKOB PaBHBL )
JUist yropollleHust BblUMCIEHUN OyjeM cuuTaThb, YTO
obbem nupamuasl SABM pageH 1. Jlanee OyneM neict-
BOBaTh [0 cxeMe, YyKa3aHHOM B 3amayde 3 (B § 5.7). Ilyctb

1 1 1
SP = xSD. UmeeM Vyy = 3 * 3Vsupc = 13 Vsuno
9 4

2
Vsamp = 3% Voikr = 3% Vekmp = 3 X W3 ypaBHeHUd

Veipe T Vouxr = Voaxp T Vsxyp HallmeMm x = —1. Oka-

3bIBaeTcs, TOUKa P pacrnosiokeHa CUMMETPUYHO TOYKE
D otHocutenbHO S. (PopManbHO HAJO BHOBBb Mpoje-
JIaTh BCe BBIUMCJIEHHS, cauTasi, uro SP = xSD, vHo P no
JPYTYIO CTOPOHY OT S.)

2
12. Omeem: R |1 - % IIyctb paccTosiHME OT LieHTpa

BIMCaHHOrO mapa 1o miockoctu ABK pasno d. By-
I€M CUWTaTb, YTO 3TOT LIEHTP PacIOJOXEeH BHYTPU
nupamuabl ABCK (B uHOM ciydae d OKaXeTcsl OTpu-
narenbubiM). [lycth nmanee miomanb rpanu BCD pas-
Ha 2m, wiowanb rpann ACD paBHa 2n, IUIOLIAIA
rpaneit ABD, ABC u ABK paBHbI COOTBETCTBEHHO ¢, f
u [. Ilo ycnosumo f — g = kl. O6bembl nupamun, ABKD
u ABCK paBHbl. CoeIMHUB LIEHTP BIIMCAaHHOIO LIapa
CO BCEMU BEpUIMHAMU YKa3aHHBIX MUPAMUJ, Ipea-
CTaBUM 00beM KaxJIoi yepe3 00beMbl TPeYroJlbHbIX 11~

pamuyi ¢ oOuieit BepiunHo# B Touke O. ITonyunm ( K03)-

dbuLeHT % OHYCKaeM) ypaBHeHue (¢ + m + n)R—dl =

=(f+ m + n)R + dl. Otkyna d = —%kR. (Ha camom

Jese, LUEHTP BIIMCAHHOIO UIapa BHYTPU IIMPaMUJBI
ABKD.) CrnenoBaTeabHO, paauyc Kpyra, Mo KOTOpPOMY
IJI0OCKOCTh ABK miepeceKkaeT BIIMCaHHBI 11ap, paBeH

k2
R ll—z.
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6.2

4
1. Omeem: nd?l + §Ttd3. HckoMoe TeJlo COCTOUT U3

LIMJIMHJIpa BBICOTOM [ M pajinycoM OCHOBaHUsl, PaBHbIM d,
U JIBYX IIOJIyLIApOB paauyca d.

nsin2o
2. Omeem: T - HckoMoe Teso cocTout u3 AByX

paBHBIX KOHYCOB. BrbicoTa kaxmoro paBHa IIOJIOBUHE

. sino
MeHbIIEN nuaroHajiu (T

), a pajMyc OCHOBaHUS — I10-

cosol
2

JIOBUHE OOJIbILIIEN AMAaroHaau ( ) O0beM 3TOTO TEaa

T sino s coso
paBeH 3+~ —

n
3. Omeem: 3 Teno nonyvyaercd U3 UAWJIMHAPA C pa-

IUYyCcOM OCHOBaHHMs 1 M BBICOTOM 2 M IBYX KOHYCOB C
pammycoM ocHoBanusi takxe 1. Ilpu sTom dopmanbHO
BO3MOXHBI JBa clydas: Wid oba KOHyca HOOaBISIOTCS
K LHWIMHAPY W TOrJa CyMMa KX BBICOT paBHa 1, win
OJIUH YIAJSIETCS, a IPYyrol — mob6aBisieTcss, U Ipu 3TOM
BbICOTa J00aBJIsIeMOr0 KOHyca Ha 1 OoJbllle BBICOTHI
ynajusgemMoro Konyca. OTBeT B 000MX cly4asix OJJMHAKOB:
r

T
21'C+§—?.

4. Omeem: nab(a + b).

.a |3
5. Omeem: 23[2.

4
6. Omeem: 2a’r + 2nar? + gnr3. HckoMoe Telto mpej-

craBjisieT coboil oObeMHeHue IPaBUWIbHON YeTblpex-
YroJIbHOM Ipr3MBl (TTapajulesienuiiesia) Co CTOPOHOI oc-
HOBaHUS @ U BBICOTOU 2r, YeTblpeX «IIOJOBUHOK» LIM-
JUHIPOB C BBICOTOH a4 W paguycoM 7 W 4YeThIpex
«4eTBEePTUHOK» I1apa pajauyca r. Takum obpa3zom, UCKO-

. 4
Mblii 00beM paBeH: 2a%r + 2mar? + §nr3.
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7. Omeem: a3 + 6a%d + 3nad? + gmd3. CootBeTcT-

ByIOLIasl YacThb [IPOCTPAHCTBA MpeCcTaBisieT co0oii Teo,
cocrosiiiee U3 caMoro Kyba, 6 (o uuciy rpaHeit) rpa-
BUJIbHBIX YeThIPEXYTrOJIbHBIX IIPU3M BbICOTOHR d U OCHOBa-~
HUSIMU — TpaHsIMu Ky0a, 12 (ro unciy pebep) «ueTBep-
TyLIeK» LIMJIMHIpa BBICOTOM a U panuyca d u 8 (110 yucty
BEPIIMH) «BOChMYIIIEK» mapa. ObbeM 3Toro Tesa paBeH

a3 + 6a?d + 3nad? + gndz'.

8. YkazaHHas1 4acTb MPOCTPAHCTBA COCTOMUT U3 MPU3-
MBI (ee 00beM JaeTcs NEepBbIM CJaraeMbIM), «I10JIOBU-
HOK» LIMWJIMHIPOB, COOTBETCTBYIOIIUX CTOPOHAM MHOTO-
yroJibHUKa (CyMMa uX 00beMOB — BTOpOE cjaraemMoe) u
IIapOBBIX «JI0JeK». HaM Hamo mokaszaTb, YTO cymMMa Jid-
HEHMHBIX YIJIOB, COOTBETCTBYIOIINUX «J0JIbKaM», paBHa 2T,
T. €. yKa3aHHbIe «OJbKU» B CyMMe aioT IIap paiuyca r
(Tpetbe ciaraemoe). Ho nMHeHBIM yIiioM OIHOM 11apo-
BOM «JOJbKU», COOTBETCTBYIOIIUM OJHOMY YTy MHOTO-
YrOJIbHUKA, SIBJISIETCSI YroJl, OOpa3oBaHHBIN ABYMSI JIyda-
MU, BBIXOZASILIMMH U3 COOTBETCTBYIOLIEH BepLIMHBI MHO-
rOYroJbHUAKA MEPIEeHIUKYJISIPHO COCEHUM CTOPOHAM M
HalpaBJeHHbIMU BO BHEIIHIOIO [10 OTHOIIEHUIO K MHOTO-
YrOJIbHUKY CTOpoHYy. HeTpyaHo HOHSATB, 4TO 3TOT yroa
paBeH COOTBETCTBYIOLIEMY BHEIIHEMY YIJIy MHOTOYTOJIb-
HUKA. A CyMMa BHEIIHUX YIJIOB BBITYKJIOTO MHOTOYTOJIb-
HMKa paBHa 27, 4TO U TpeOoBaIoCh.

9. Jlerko jokaszaTh, YTO ILIOLIA/Ib KOJbIIA, [10J1yYalo-
nierocsi B pe3yJjbTaTe BpallleHHs! OTpe3Ka BOKPYT TOUKU
(peub MIET O TIOCKOM Cllydae: BpallieHre MPOUCXOINT B
IJIOCKOCTH, COZiepKalllei [IEeHTP BpallleHUsI U OTPe30K),
PaBHOYJIaJIeHHOM OT KOHIIOB OTpe3Ka, He 3aBUCUT OT
PACCTOSIHUSL OT LIeHTpa BpallleHHs1 10 OTpe3Ka U PaBHO
IJIoLAM Kpyra ¢ AMaMeTpoM, paBHBIM JUJIMHE OTpe3Ka.
U3 sroro yrBepxkaeHMs Iojlydyaercs U pe3yJbTaT 3ajia-
yn. Jlloboe ceueHue Halllero Tejla BpallleHUs IJIOCKO-
CTbIO, 11ePIIeH IMKYJISIPHOM OCH BpallleHusl, eCTh KOJIbLIO,
noJjiyyaiolieecst B pe3yJibTaTe YKa3aHHOI'O BpallleHHsl OT-
peska. Takum oOpa3oMm, 1IoIa b KaxJI0ro Takoro ceue-
HUsl paBHa IUIOIIAIU CeUeHUs YKa3aHHOro KoHyca. B co-
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OTBETCTBUU ¢ NpUHLUIIOM KaBanbepu U3 3TOro cienyer
yTBEPXACHUE 3aa4H.

1
10. Omesem: Enazh cos 0. JTa 3ajaya [peacTaBiser

coboii 06001eHre npenpiayeil. JJlokaxem, 4To o0beM
UCKOMOTIO Tesla paBeH 00beMy KOHyca, IuaMeTp OCHO-
BaHUs KOTOPOT'O PaBeH a, a BbIcOTa paBHa /i cos o. I1po-
BelleM IUIOCKOCTb 4epe3 OCb BpalleHMs MapaulebHO
OCHOBAHUIO [TaHHOTO TpeyroipHuka. CrpoekThpyeM
JIAHHBIA TPeyroJIbHUK Ha 3Ty IUIOCKOCTb. [Tonyunm pas-
HOOEeIpEeHHBIIl TPeyroJlbHUK C OCHOBAaHUEM, PABHBIM 4,
U BbICOTOU A cos o.. PaccMoTpuM zBa Tesla BpallleHUsL.
IlepBoe — yka3zaHHOe B ycjoBuu. Bropoe Teno mosy-
yaeTcsl IpyM BpalleHUM IIOJIyYUBLIErOCsl IpU IPOeK-
TUPOBAaHUU PaBHOOEIPEHHOIO TPeyrojbHUKa BOKPYT
Tol Xe ocu. Kak u B mpenbinylei 3ajavue, HETPYJIHO
JI0Ka3aTb, 4TO COOTBETCTBYIOIIME IUIOUIAJU CEYCHUN
3TUX TeJl TUIOCKOCTSIMH, MepIeHANKYISPHbBIMUA OCH Bpa-
nieHusi, pasHbl. CorsacHo npuHuuiy Kasaibepu pas-
Hbl 1 ux oObembl. IlonyyaeM oTBeT B Halleil 3amaue:

1_-
T3 h cos o

11. Omeem: %nh? ITycte R — pamuyc cepol. Torna

2
paanyc OCHOBAHUN IIWIMHAPA OyAeT paBeH r = / R2 - %

PaccmoTpuMm cevyeHue Halnero Tesna ILIOCKOCTBIO, ITa-
paJliesIbHOM OCHOBAaHUSIM LWIMHJPA W HPOXOJSILEi Ha
paccTossHuM x oT LeHTpa cepbl. CeuenueM cheprl Oyner

OKPYKHOCTb paauyca «/R?—x2. CienoBaTelbHO, ILIO-
1alp CeuyeHMs Halllero Teja (3To KOJbLO) OyZeT paBHa

1t((R2 - x%) - (Rz - %2 )) = n(zz - x2 ] Takum 0b6paszom,

ILUIOLLIA/Ib 3TOrO CEUYEHUS He 3aBUCUT OT paauyca chepbl 1
paBHa IUIOIIAIM COOTBETCTBYIOLLEIO CeUeHMs luapa pa-

nuyca g . OTBeToM OyZeT BeJMunHa %nh?
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12. Omeem: §r3. BosbMeM chepy panuyca r ¢ LEHTPOM

B TOUKeE IlepeceyeHus oceil LMIMHIpoB. PaccMoTpuM ce-
YyeHue Halllero Tejla IUIOCKOCTbIO, MapaulelbHOM OcsM
mwimHApoB. [lonyunm KBazpat, BIMCAHHBIA B OKPYX-
HOCTH, SIBJISIIOIIMICS CEYEHUEM ITOCTPOEHHOU Ccdepsbl.
B cootBetcTBUM ¢ mpuHLMIIOM KaBaibepu OTHOLIEHUE
00BEeMOB 111apa (OrpaHUUYE€HHOIO TOCTPOEHHOM chepoit) u
MCKOMOT'0 TeJla paBHO OTHOILIEHUIO TUIOIIAJIM Kpyra K I1J10-
111a/I1 OIIMCAHHOI'O OKOJIO Hero KBajpara, T. €. paBHO g .

13. PaccMOTpUM IJIOCKOCTD, IIEPIIEHIUKYJISAPHYIO AB,
nepecekamoiyo AB, CD u CE B toukax M, K v L coort-
BeTCTBeHHO. Torma mJomans cevyeHus Hallero Teja
IJIOCKOCTBIO, MpoXoJsuieil yepe3 M U NnepreHAUKyIsIp-
HoUl AB, Oyner paBHa tML? = tMK? + nKL2 To ecrb
IJIOIIANb CeYeHMUs] paBHA CyMMe IUIOIIanedl cedyeHui
YKa3aHHBIX B YCIOBUM TeJ U 00beM UCKOMOTO TeJjla B CO-
OTBeTCTBMY ¢ puHIMIIoM KaBajbepy paBeH cyMmMe 00b-
€MOB yKa3aHHBIX Tel.

n./3

14. Omeem: 3 Ilycte A — onHa 13 BepLIUH KyOa,

O — ero uentp. Ky0 Bpaiaercs BOKpyr JMaroHaju, po-
xozxsueit yepes A. Ilyctb AB — pebpo kyba, P — cepe-
JMHa pebpa, oTainuHoro ot AB u Beixosiero u3 B. Ilo-
HATHO, YTO B pe3yJibTaTe BpauleHus jomaHoi ABPO Bo-
Kpyr AO Mbl NOJYyYUM TOJOBHHY MCKOMOIO Teja
BpameHus. O6o3HauuM 4depe3 () npoekumio B Ha AO.

NE

AQ cocraBiisieT TpeTb AMaroHaun Kyoa, T.e. AQ = 3 -

B pesyabrate Bpamenusa AB Bokpyr AO noynyduM OOKO-

3

BYIO IIOBEPXHOCTb KOHYCa C BBICOTOM, paBHOW -, U paju-

3
42 . Ero o6bem pasen 2143 . Ham
J3 27
Teriepb HaJlo HalTU 00beM Tesla, MOJyYalolerocs: pu
BpaleHnu terpasapa BOPO sokpyr QO. Paccmorpum
npsamMoyroiasHuk POQL. [lokaxeM, 4yto BL neprneHnu-

ycOM OcHOBaHus BQ =
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KyJsapHa Iuockoctu POQL. Wmeem: PL niepnieHIVKY-
nspHa QL v BQ (PL napamnensHa OQ), cienoBaTellb-
HO, PL nepneHaukyJisipHa IUI0cKockoctr BLQ, a 3Ha-
yut, U npsaMoi BL. [lanee: QL neprnieHaukyyasgpHa PL
u PB/QL napamiensHa PO, a PO nepnieHnukyjasapHa PB
n OQ, ciefgoBaTesbHO, BL nieprieHIMKyJIsipHa INIOCKOCTH
npsaMoyroyibHuka POQL. B cOOTBETCTBUM C YyTBEPXKIECHU-
€M Ipenblnyle 3afaud o0beM Tesa, MOJTydarouierocs
npu BpaieHuu rerpasapa BOQPO Bokpyr QO, paBeH CyM-

. 3
Me 00BeMOB LIIMHAPA € BHICOTON QO= -~~~ ¥ painycoM

ocHoBaHus1 OP = %2 (0613eM LWIMHIPa paBeH 1t1_J23 ) U

" /3
KOHyca ¢ BblcoTOM QO = == U pajuycoM OCHOBaHUS

6
_ 1 n./3
BL = NG (ero 00beM paBeH e 108 ) OO0BbeM UCKOMOTO TeJla
213 nﬁ nf _ /3
6yﬂeT2( T2t 1s ]_ 3

15. Ilyctb tieHTp Kpyra (pamuyca r) ONMHUChIBae€T OK-
PYXHOCTb, IIPUHAJLJIEXAIYIO IUIocKocTy o. Paccmorpum
LMJIVHIAP C YKa3aHHBIMU B YCJIOBUM pa3MepaMu, OCb KO-
TOPOro NPUHAJJIEXUT IUIOCKOCTA O. 3aTeM JOKaxXeM,
4TO JII00ask IIOCKOCTD, NapajllesibHas [UIOCKOCTHU 0O, 11e-
peceKkaeT Top U LMIMHAP o GUrypam OIUHaKOBOH ILIO-
maau. Ecam riockocTs cedeHnst HaXOUTCs Ha PaccTos-
HUU X OT IUIOCKOCTH (L, TO B CEYEHUU TOpa OyIeT KOJIbLIO

C BHYTPEHHUM pajnycoM R — /r2 — x2 1 BHEIHUM paju-
ycoM R + r?2—x2. Ilnomaap 3TOro KoJiblla paBHA
AR Jr?2 — x2. B ceueHun Xe UWIMHApPA OYAET IMPSIMO-
YIOJNLHUK €O cTOpoHaMH 2nR 1 2 /12 — x2.

6.3

1. Omeem: #

2. Omeem: TR(2h + J4R? + h?).
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o .o
3. Omeem: 2w cosy u 2n sin5 . Kaxnoe us >tux temn

COCTOUT U3 IBYX paBHbIX KOHYCOB C O6H_II/IM OCHOBaHU-

o
CM. Pal[I/IYC OCHOBaHus MEPBOro KOHYyCa COSx, a4 BTO-

.o
poro — sinz. OO0pasyioliue y Bcex KOHYCOB paBHbI 1.
CrnenoBarenbHO, MOJHasi MOBEPXHOCTb MEpPBOTo Tena

o . o
paBHa 2mcoss, a BTOpOro — 2msin

5 - IToBepxHOCTD

NepBOro TeJja Goub1IE.

4. Eciu V' — ob0bem KyOa, TO ero moJiHasl IOBepX-
HOCTh paBHa 6123, TTnorans chepbl, OrpaHUIUBAIOIIER
map obbema V, paBHa (36m)!3123. Tenepb MOHSTHO,
YTO y Ky0a IIOBEPXHOCTb OOJIbIIIE.

5. VrBepxjenue 3anauu cienyer us teopems! 1.19
(o mnomanu npoekuun). IlpaBaa, npu 3TOM Hazxo BOC-
MIOJIb30BaTbCsl IpeleNbHbIM IepeXoloM, KOTOpHIA B
IaHHOW CUTYyalluM NOCTaTOYHO ouyeBuaeH. CHavaza mo-
Jy4YUM CIIpaBe/UIMBOCTb PABEHCTBA Halllel 3ajavu JJist
IIpaBWJILHOW IMpaMujibl. 3ateM OyjlieM paccMaTpuBaTh
NpaBUJIbHbIE MUPAaMUIbl, OMKMCAHHbIE OKOJIO NAHHOIO
KOHyca. JIByrpaHHble YIJIbl PU OCHOBAaHMM Y TaKUX
NUpaMHJl TIOCTOSIHHBI U paBHBbI O, IUIOIIAAM OCHOBa-
HUI MpaMUJL CTPEMSTCS K [UIONIaJ OCHOBAHUS KOHY-
ca, a 60KOBBIE II0BEPXHOCTU — K OOKOBOI [IOBEPXHOCTH
KOHYyca.

6. Omeem: 2n./3, (11 + /13)n. B pesynbTaTe Bpa-
1eHus TpeyroibHUkKoB ABC u AKC moaydaiorcd ABa
KOHyca. MickoMoe TeJio nosydaercs ynajJeHUueM U3 Iep-
BOro Kkonyca sroporo. [lonHast noBepxHoCTb paBHa CyM-
Me OOKOBBIX IIOBEPXHOCTEW 3TUX KOHYCOB IUIIOC pas-
HOCTb IUIOIIafel ux ocHoBaHMA. OOBbeM UCKOMOTO Tesa

paBeH 2n./3, a nonHas nosepxHocts (11 + /13 ).

1 2
7. Omesem: §na3, —na®. OceBoe ceueHUE IMOIY-

3

YUBHIETOCH TeJla ABJIACTCA HEBBIITYKIIBIM 12'YFOJ'II;>HI/IKOM
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c (puc. 14). Ha 3TOM puCyHKe HCXO-
HBIl TpeyroJbHUK 00o3HaueH ABC,
O — ero LEHTpP, OCb BpallleHUs I1a-
pamnenbHa AB 1 mepecekaeT CTOpoO-
M 0 Hy AC B Touke M. Kax onpenensror-
cs TouKM P u K, IOHATHO U3 pUCYHKA.
Teno, monyyamoleecs OT BpalleHUs
natuyroiabHuka MPKCO Bokpyr MO,
IpeJcTaBisieT cOO0M ITOJOBUHY UCKO-
moro Teaa. Ero o0bemM MOXHO mody-
YUTb KaK CyMMy 0ObEMOB KOHYca, 10~
Jlydarouerocs rnpu BpaunieHnu tpeyrojbHuka MCO v nu-
JUHApPa, OOKOBasg IMOBEPXHOCTb KOTOPOTO IOJy4aeTcs
npu BpameHuu PK MuHyc cymma 0OBbe€MOB IBYX PaBHBIX
KOHYCOB, OOKOBasi 1I0BEPXHOCTb KOTOPBIX €CTh Pe3yJlb-
taT BpaweHus: MP u MK. Jlerko BUAeTb, YTO OOBEMBI
IBYX MOCJIEIHUX KOHYCOB B 8 pa3 MeHblIe o0bema Iep-
BOro konyca (u3 tpeyroabHuka MCO). Umeem: paanyc

Puc. 14

a a
ocHoBaHust CO = —, Beicota MO = 3 O0BeM 3TOTrO

J3
a3
KOHyca paBeH . O0beM yKa3aHHOTO BbILIe [IUJIMHIPA
(06 a3ylollas %, painyc OCHOBAHMSI L] aBeH ra’
pasyiomasd x, paiuny Zﬁp 36 -
Hanee HaxoouM oOBbeM BCEro Hallero Tejaa. AHaJIOTU4-

HBbIC C006pa)KeHI/IH MO3BOJISIOT HAUTU W TLJIOMIAAb I10JI-
HOM INOBEPXHOCTU UCKOMOTI'O TeJIa.

8. Omeem: ZTOCR{ 20R2. Eciu o = Zn—n , TO 00OBEM UCKO-
MOM YacTu 1apa M 1Jomaib 4actu ceprel OyayT cocras-
JATh % COOTBETCTBEHHO OT 00beMa BCero Lapa U IIola-
Iy cdepsl, T. €. OHU OyAyT nonyanbc;I u3 oObeMa L1apa u

Iomaay chepbl yMHOXEHUEM Ha 5— . Jlid aToro ciayyad

2
IMOJIy4a€M COOTBETCTBEHHO: 00beM M TUIOMIAIb YACTH CCI)B'

20
Pbl BHYTPH JIBYTPAHHOTO yIjla PaBHbl = R3 v 20R?. Taku-
MM K€ OHM OYJIYT U JUISl IIPOU3BOJILHOIO O ( Cnayaia 1o-
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o
JIy4a€eM CIIpaBE€IJIMBOCTb 3TUX (I)OpMYJ'I, cCJIn ZE pauu-

OHAJIbHO, a 3aTeM U IJIsl TPOU3BOJBHOTO )
3ameuanue MOXHO ObLIO cpa3y CUMTATb OUEBU-
HBIM, YTO HYXHbIE¢ (hOPMYJIbI JJIsI OObEMa U TLIOIIA I UMe-
101 B CoR3 1 CoR?, a 3aTeM HaiiTy BeJIMYMHbI HEU3BECT-
HBIX KOHCTaHT, UCXOMSI U3 TOTO, YTO MbI 3Ha€M COOTBETCT-
BYIOLLIMI 00BEM U IUIOIIANb IOBEPXHOCTH MIPU O = TT.

6.5

1. YTBepxueHue 3aiauu HEIOCPEJCTBEHHO CJELyeT
u3 ¢popmyinl 17 (Teopema 6.3).

2. Omegem: 2n(5 - 2./5) u 2n(5 + 2./5). Pamuyc
cepbl paBeH pPacCTOSHUIO OT BEpLIMHBI MUPAMHUABL 10
pebpa OCHOBaHMS, T. €. COOTBETCTBYIOIIEH BBICOTE 0O-

KoBoit rpanu. Pammyc pasen ./5. ITnockocth ocHoBa-
HUS IUPaMUbI AeJUT chepy Ha 1Ba CerMEeHTa C BBICOTOMI

J5 =2u 5 + 2. Ux miomaiu PaBHBI COOTBETCTBEHHO
2n(5-2.5)u2n(5 + 2./5).

3. Cdepa pasneneHa Ha 6 cheprUyeCKUX CETMEHTOB
(oHM OTCceKaloTcs IpaHsIMU Ky0a) U 8 KpUBOJMHEHHBIX
TPEYrOJIbHUKOB, COOTBETCTBYIOLIMX BepllMHaM Kyo0a.
Haing nnomanps KaXIoro u3 6 CerMeHTOB, Mbl 3aTeM
CMOKEeM HaiTW M IUIOIIAnb KaxXIOoro U3 8 TpeyroJbHU-
KoB (rtomianb Beeit cdepsl Mbl 3HaeMm). Panuyc chepst

2 21
paBeH 7, BBICOTA CCI'MCHTAa paBHa 7 - z, ero I1nJIo-
N
manb n( 1- 5 ) [Tnomans KaXxa0ro TpeyrojabHUKa pas-
a w

4. Omeem: 5 (2R3 = 3R%d + & n 5 (2R + 3R%d - ).

3aMeTI/IM, YTO 4YacCTb NlIapa, pPacCIIOJOXEHHAsd IO On-
HY CTOpPOHY OT HepeCeKaIOH_Ieﬁ €ro IIJIOCKOCTH, Ha3bl-
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BaeTCsl ULAPOBLIM CE2MEHNOM, a 4acThb cepbl COOTBET-
CTBEHHO — cghepuneckum ceemenmom. st muomanm
cdepuueckoro cermenta BepHa dhopmyaa (17). (Yo ta-
KO€ BBICOTa c(epuuecKkoro cerMeHTa, IOCTaTOYHO
noHsiTHO.) st BeIBoma ¢opMyJibl o0beMa IIapOBOTO
CerMEeHTa MOXHO ITOCTYIUTh clefyonmum oobpa3om. Pac-
CMOTPHUM CErMEeHT, He MPEeBOCXOASIINIA TTOJIOBUHBI LIapa.
CoennHUM Bce TOUYKU OKPYXKHOCTH, OrpaHUYMBAlOINIei
chepudecKkuii cermMeHT ¢ LeHTpoM cdepsl. Iloayuum 60-
KOBYIO IIOBEpPXHOCTh KOHyca. Paccmorpum teno 7T, mo-
BEPXHOCTb KOTOPOTIO COCTOUT U3 OOKOBOI MOBEPXHOCTU
3TOro KOHyca M MOBEPXHOCTU chepUUYecKOoro cerMeHTa.
Eciu § — nosepxHocTb cermenTa, a R — paauyc cdepsl,

TO 00beM Tea T Oyner paBeH %SR. Yo6enutbesi B aTOM

MOKHO, HallpumMep, cienyomum odpaszom. Paccmorpum
MHOTI'OTPaHHUK ¢ OOJIBIIUM uuciIoM rpaHeil. Ilycrs n —
yucio rpaHeidl. bynem yBeanumBaTh YMCIO €ro IpaHel
TaK, 4TOObI BEPIIMHBI MHOIOIPAaHHUKA HEOTPaHUYEHHO
1pUOJIMXKaIUCh K 1TOBepXHOCTU cepbl. O603HAUUM ye-
pes3 S, miomajab NOBEPXHOCTM 3TOr0 MHOTOIpaHHMKA,

PACIIOJIOKEHHOM C TOW XK€ CTOPOHBI OT IJIOCKOCTH OK-
PYXHOCTH, OrPaHUYMBAIOIIENA CEIMEHT, YTO U caM cer-
MeHT. CoeIMHUB BC€ TOYKM 3TOM 4YacTU ITOBEPXHOCTU
MHOIOrpaHHUKa C LIEHTPOM cdepbl, MoayduM Teno 1,
COCTaBJICHHOE U3 MMPaMUJl C OJIMHAKOBOU BBICOTOM R 1

OCHOBaHMSIMM, CyMMa ILIOHIaledl KOTOpbIX paBHa S,.
1
OO6mbeM 3TOro Tesla paBeH §S”R. C pocrom n S, crpemur-

ca K S, a oobeM Tena T, crpemurcs K odbemy tena 7.

1
Urak, o6bem Tena T B caMoM Jiejie paBeH §SR. Hawm oc-

TaeTCs Terepb U3 ITON BEIMIMHBI BBIYECTh 00BEM KOHY-
ca, OCHOBaHHMEM KOTOPOTO SIBJISIeTCSI OKPYXHOCTb Cer-
MEHTa, a BBICOTa paBHa PACCTOSIHMIO OT LIEHTPa IIapa 1o
IIJIOCKOCTH 3TOW OKPYKHOCTH.

B HamreMm ciydae BBICOTa MEHBIIIETO CerMEeHTa paBHA
R —d, cnenosarenbho, S = 2nR(R - d). Paanyc okpyx-

HOCTH, OTrPaHMYMBAIONICH CErMEeHT, paBeH «R?-d?.
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Tenepb HeTpPyIHO HaliTM 0O0BbeM Q

MeHblIel yacTu §(2R3 - 3R™d + / \

P i L

+ d3). O6beM BTOpOIi YacTH COOT-

BETCTBEHHO OyJeT paBeH §(2R3 +

+ 3R%d - d3). (Ero TakxXe MOXHO
HOJTYIUTb U3 HOPMYJIBL 1715 00 beMa
MeHbIIIel JacTh 3aMeHoit d Ha —d.)

5. Omeem: nR?. Ilyctb X —
panuyc Bropoit cdepb,, O — ee
LIEHTp,  — LeHTp nepBoi cheprl. Yactb BTOpoit cde-
pbl BHYTPM 1IE€pBO# Ipejcrasisier coboii chepuueckuii
cerMeHT. PaccMOTpUM IIPOM3BOJILHOE CE€YEHUE JAHHBIX
cdep, npoxonﬂmee qepe3 uX LeHTpHl (puc. 15). Umeem

P = 0Q = X, QP = QL = R, QM — BrIcoTa
paCCManI/IBaeMOFO cerMenTa. ITycts N — nuamerpaib-
HO IPOTUBOIOJOXHAsA () TouykKa BTOpo cdepnl. Tpe-
yrosbHUK QPN npsmoyroabHblii. QM — npoekuus PQ
Ha ON. U3 usBectHoro coortHomenust PO? = QM+ ON

2
HaiineM QM = % Hanee, no dopmye (17) nonydaem,

(0}
Puc. 15

R2
YTO MCKOMasI ILUIOIIalb paBHa 211:X 5v = R

7.3

1. I3MeHeHne B YC/IOBHM: TeTPas3ap ¢ BepLIMHAMHU B
LHeHTpaXx rpaHeil JaHHOro TeTpasapa.

Omeem: YkazaHHas IUIOCKOCTb IPOXOAUT 4Ye-

1

2> 108"
pe3 cepenrHbl YeThIpex pedep TeTpalsapa, NCKIIIodasl ABa
KaKUX-TO IPOTUBOIIOJIOXHBIX pebpa. CTopoHa MoJyuus-

1
HIerocsda KBaaparta paBHa .y TeTpasapa C BEpLUIMHAMU B

LIEeHTpaxX JaHHOIO TeTpa’jpa pedpa MapauleibHbl COOT-
BETCTBYIOLLMM pedpaM JaHHOIO U B TPU pa3a MEHbLIE UX.
IIpu 3TOM 3TH IBa TeTpaszipa UMeIOT OO LieHTp. Bro-
poli TeTpasip NoJIyvyaeTcsl U3 UCXOAHOIO OCPEACTBOM 0~
MOTETUHU C LIEHTPOM B LIEHTPE UCXOIHOI'O TeTpal3/ipa U KO-
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1
¢ duLreHToM, paBHbIM —3- (D10 yTBepKIeHue ocTaeTcsl

BEPHbIM IS IIPOM3BOJIBHOIO TeTpa’jpa, HO B KauecTse
LIEHTpa TOMOTETUU HAJO B3SIThb LEHTP TSKECTU TeTpas-
pa — TOYKY, B KOTOPOIi IlepecekaloTcsi OTpe3Ku, coejin-
HSIOLIME BEPUIMHBI C TOUKAMU IIepecedeHn s MeIMaH 1po-
TUBOIIOJIOXKHBIX TpaHeil.) OTciofa cienyeT, YTO yKa3aH-
Hasl B YCJIOBUM IJIOCKOCTb OyIeT MPOXOAUTh TaKXe U Ye-
pe3 cepelMHbl COOTBETCTBYIOIIMX pedep MaJleHbKOro
TeTpaszpa (IpsiMasi, IPOXOsllas uepe3 cepeluHy pedpa
U LIEHTp TeTpa3lpa, IPOXOIUT TaKXe U Yepe3 cepeirHy
OTpe3Ka, COeJIMHSIONIEro LIEHTPbl COOTBETCTBYIOIIMX I'pa-

Heil.) I1iommans KCKoMoro ceyeHusl paBHa 108

ad
3

2. Omeem: o0beM OKTad/lpa paBeH paauyc ornu-

a a
CAHHOI'O mIapa —, paanuycC BIIMCAHHOI'O HIapa paBCH —.

N2 6

3. Omeem: B 6 pa3. JluaroHanu okrasjpa, BIIUCAHHO-
ro B Ky0, paBHbl peOpy Kyba. OObeM OKTasqpa paBeH

1
6d3’ rie d — nuMaroHaidb OKTasnapa. Takum obOpaszowm,

0o0BeM OKTas[pa, BIMCAHHOIO B KyO, B 6 pa3 MeHblle
obbema Kyoa.

4. Omeem: 4,5. I1nockocth, comepxkalias rpaib Kyoa,
. 2
nepeceKaeT OKTasjAp IO KBaipaTy CO CTOPOHOH 34,

rie a — pedpo oKTasnpa. BeplKHbI rpaHu — cepelrHbI
CTOPOH S3TOro KBajJpaTa. 3HAuuT, peOpo Kyba paBHO

a2 a’.\2

—3~, ero o0beM >

3.3 3.3

S. Omeem: R T YkazaHHas B yCJIOBUHU ILIOC-

KOCTb MepecekaeT Ky0 Mo MpaBUJIbHOMY HIECTUYTOJbHU-
Ky CO CTOPOHOH, paBHOH IOJIOBUHE JWaroHajlvd I'paHu
Ky0a. ([Jokaxwure.) C Opyroil cTOpoHbl Kaxzaasi TpPaHb
BIIMCAHHOTO B KyO OKTa3pa MepHeHIuKYIspHa OJHOU

. Uckomoe oTHollieHrne paBHo 4,5.
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u3 nuaroHajei Kkyboa. CienoBaTeslbHO, YKa3aHHas B yc-
JIOBUM IUJIOCKOCTb IapajljlesibHa JIBYM IPOTUBOIIOJIOX-
HbIM I'paHsM okTasjpa. Kpome Toro, oHa 1npoxojaur ue-
pe3 LIEHTp OKTa’Apa W, 3HAYWT, IlepeceKaeT Herapas-
JeNbHble efl peOpa oOKTa’lpa B cepeiuHax. Tenepb
HeTPYJHO JIOKa3aTb, YTO MCKOMOE CeYeHue ecThb Iipa-
BUJIbHBIN 111€CTUYTIOJIbHUK CO CTOPOHOM, paBHOM I110J10-
BHHE pe0pa OKTaslpa WM YeTBEPTU AWAroHaJIU I'PaHU

. 3.3
Ky6a. HJIOH_IaI[I/I COOTBeTCTByIOH_II/IX CEUYCHUU paBHbI —_—

4
3.3
6. YKa3aHHbII MHOTOTPaHHUK €CTb OKTa3p.
1 23 23
7. Omeem: 5 57 125 YKazaHHbIE B YCIOBUU IJIOC-

KOCTA B CBOIO ouepelb 00pa3ylioT MpaBWJIbHBIA TeTpa-
31p. VICKOMBIII MHOTOTpaHHUK €CTh IepecevyeHue IBYX
IIpaBUJIbHBIX TeTpa’apoB. Eciu BTOpo#t Terpasip pac-
IIOJIOXKEH LIEJIMKOM BHYTPM I1€pBOro, TO €ro pedpo He
MPEeBOCXOIUT IOJIOBUHBI pedpa UCXOOHOrO, a OOBbEM He

1
Ooee g OoT 00beMa MCXOIHOTO. 3Ha‘II/IT, B 3TOM cJ1y4dae

1
HCKOMOE OTHOIleHue MeHsieTcs oT 0O g HYCTI) TN

TETpa’dAphl mepecekatoTcs. Torma y MoJydamornierocs
MHOTOTPaHHMKA MMEETCSI TpaHb, SIBJSIONIASICS Tepece-
YeHHeM TpaHU OJHOTO U3 TETPa’3lpoOB € MOBEPXHOCTHIO
npyroro. Bee yriibl y cOOTBETCTBYIONIETO MHOTOYTOJbHH-
kKa paBubl b0 60° smbo 120°. CiemoBaTeiabHO, ITO
au00 TpPaBUJIBHBIA TPEYroJibHUK, OO MpPaBUIbHBIN
IIeCTUYTOJBbHUK. Kpome TOro, Bce BepIIMHBI BTOPOTO
TeTpa’apa NOJKHBI ObITh PACIIONIOXEHBl BHE IEPBOTO.
B camom sernte, mycTh 0jiHAa U3 BEPILIMH BTOPOTO TETPad -
pa pacroJioXeHa BHYTPU MEpBOro, a 0JHa — BHE Iep-
Boro. [IpoBeneM IJIOCKOCTh Uepe3 TpaHb, COAEPKAIIYIO
9TH JBe BeplIMHBL. [lonyuyuM IBa TpaBUIIBbHBIX Tpe-
yroJIbHUKA: I'PaHb BTOPOTO TeTpasipa U CeUeHue repBo-
ro. O0masi 4acTh 3TUX TPEYTOJBHUKOB, KaK JICTKO BU-
IeThb, He MOXET SIBJISIThCS MPABUIBHBIM MHOTOYTOJIbHH-
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KoM. Hrak, eciu BTOpoil TeTpasip He pacnojoxXeH
LIeJITUKOM BHYTPHU MEpBOro, TO BCE €ro BepLIMHBI HaXO-
nsTcsl BHe nepBoro. IIoHATHO, YTO BepIlUMHBbI NEPBOrO
HaxonATcsl BHe BToporo. O0mas 4acTb — BOCBMUIPaH-
HUK. BO3MOXHBI Tpu cityuast.

1-it cayuaii. TloBepxHOCTU TETpPa’ApOB IEepECceKaroT-
cs1, HO LIIECTUYTOJIbHBIX I'paHeil y nepeceueHust Het. Tor-
Iia Bce ero rpaHu MpaBuibHbIe TpeyroabHUKU. [1pu aTom
HU OJHO U3 pebep 000ro TeTpasapa He MOXeT lepece-
KaTb I'paHb APYroro Bo BHyTpeHHel Touke. To ecTb Bep-
IIMHBI BCEX TPEYroJbHBIX 'PaHell BOCbMUIPAaHHUKA Jie-
KaT Ha pedpax TeTpasapoB. DTO BO3MOXHO, KOrjia TeT-
pas/pbl paBHbI, MMEOT OO0ImMii 1eHTp. Beprmnamu
COOTBETCTBYIOIIEr0 MHOTIOTPAHHUKA SIBJISIIOTCSL Cepeliu-
Hbl pedep Kaxjoro u3 rerpa’japoB. O0Ias yacTb ecThb

1
okTasp. Ero o6beM, Kak HeTPYIHO BUIETb, PaBeH 5 OT

o0beMa UCXOJIHOT'O TeTpa’/ipa.

2-i cayuait. Y TIOJYUYMBIIErOoCcs MHOTOTPAHHUKA €CTh
niecTuyrojpHble rpaHu. [1ycTh onHa U3 HIECTUYTONIbHBIX
rpaHeil sIBJsieTcsl 4acTbioO TPaHU IEepBOrO TeTpasipa.
DTo 03HaYaeT, YTO OT TPeYroJibHUKA, IPEICTaBIISIONIero
3Ty TpaHb, OTpPe3aHbl Y BepLIMH TPU TPEYroJbHUKA CO
CTOPOHOM, B TpM pa3a MeHbleil. Takum obpa3oM, Kax-
Jasl U3 IUIOCKOCTEH oTceKaeT OT MCXOJHOI'O TeTpasjpa
TETpa’/p B TpU pa3a MeHblmid. O6bem ob11eii yacTu co-

4 23
craBisieT 1 — 2—7 = 2—7 obbeMa HCXOIHOI'O TeTpasjpa.

3amerum, 4TO JJIsL ITOrO BapuaHTa 00a TeTpasipa ume-
10T 00uwmit nenrp. Ilycre AB — peOpo ucxojaHoro Ter-
pasipa, OHa U3 T'PaHell BTOPOro TETPal3Apa IepeceKaeT

AB B Touke K Takoi, yto AK = %AB IIpoBenem uepes

001U LIEHTP IUIOCKOCTDb I1apajulejIbHYIO IPaHu, IIPOTHU-
BoJiexXalen Touke A. DTa II0cKoCTh nepecekaer AB B

. 1 .
Touke M Ttakoii, uto BM = ZAB' Haiinem oTHollIeHUE
paccTosiHMil OT OO0IIero 1eHTpa A0 rpaHeil BTOPOro u

5
nepBoro Terpasapos. OHO paBHO = 3. Takum xe

KM
BM
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OyleT 1 oTHOLIeHUe pebep paccMaTpUBAaEeMBbIX TeTpasi-
pPOB (BTOPOrO K MEepBOMY).

3-it cayuait. OnHa U3 IIECTUYTOJBHBIX TPAHEH SABJIsET-
Cs1 4acThIO IPaHu BTOporo TeTpasjipa. Paccyxnas Tak xe
KaK U BO BTOPOM ciyyae, NOJY4YMM, 4TO 00beM oOIuei

4acTU paBeH g—; o0beMa BTOporo, a pedpo BTOporo pas-

3 .
HO = pebpa nepsoro. CienoBaTesibHO, 00beM 00IIIei

l B2 B _
1aCTH PaBeH 5= * {55 = 135 OT 0ObeMa UCXOIHOIO TeT
pasnpa.

8. Omeem: %(ﬁ - 1), %, %, é ITnockoctn OCHO-

BaHMIl yKa3aHHBIX [MPaMUJl llepecekaloT IrpaHu Kybda
110 IPSMBIM, 00pasylolluM yribl B 45° cO cTOpoHamu
(pebpamu) 3Toit rpaHu. CienoBaTesbHO, €CU KaKasi-To
rpaHb paccMaTpMBAaeMOr0 MHOIOIPaHHMKA NpUHamJIe-
JKUT I'paHM Kyba, TO 3Ta I'paHb — JIMOO MpPaBUJIbHbBIA
BOCbMMYI'OJIbHUK, JInOO KBajpar. C Jpyroii CTOpPOHBHI,
€CJI IJIOCKOCTb OCHOBAHUs ONHOHM U3 OTpe3aeMbIX IU-
paMuJ nepecekaercs C INIOCKOCTbIO OCHOBAHUA PYIOH,
TO YIoJI MEX/J1y JUHUEH IlepecevyeHnsi U CTOPOHOM OCHO-
BaHus paseH 60°. CienoBartesbHO, €CJIM KaKasi-TO I'PaHb
paccMaTpUBaeMOro MHOTOIPaHHMKA IPUHAIJIEXUT OcC-
HOBAHUIO OTpe3aeMoi MUpaMUIbl, TO 3Ta I'paHb JHUOO
IIPABUJIbHBIN TPEYroJIbHUK, JTUOO0 LIECTUYTOJbHUK. YUu-
ThbIBasl CKa3aHHOE, PACCMOTPUM HECKOJIbKO CJIydaeB.

1t caynaii. Y paccMaTpUBaeMOro MHOTOTPaHHUKA
€CTb IPaHb B BUJle IPAaBUJIbHOTO BOCBMUAYTOJIbHUAKA. DTO
O3Havaer, YTO [UPaMUJIbl [IPY COOTBETCTBYIOIIEH I'PaHU
KyOa paBHBI M1 CTOPOHA BOCBMUYTOJIbHUKA paBHa CTOPO-
HE OCHOBaHMS NUpaMUIbl. Jlajee Jilerko IOJIy4nM, 4TO
Bce 8 MMpamMuJi paBHbI MeX]ly COOOH U y paccMarpuBae-
MOIr'0 MHOTI'OI'paHHMKA 6 I'paHeil UMeIoT BUJI [IPaBUJIbHbBIX

BOCbMUYTOJIbHUKOB U 8 rpaHeil — IpaBWJIbHbIE Tpe-
yroibHUKM. Ecim x — GokoBoe pedpo KaxXIoW U3 OT-
pe3aeMoil MUpaMUJbl, TO X./2 — CTOPOHA OCHOBAHHSI

(a TakXe cTOpOHa KaXJ0ro MpaBUIbHOIO BOCBMUYIOJIb-
Huka). [Tonyyaem asl x ypaBHeHuUe (cuMTaeM, 4To ped-
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2

po Ky6a paBHO 1) x + x./2 + x = 1, oTKyna x = 1—7.

O6bem paCCManI/IBaeMOFO MHOrOrpaHHuKa Oyzaer pa-
1 J2y?
BeH1—8-6(1 ) 3(Ji—l)

2-it caywaii. OfHa U3 TpaHel paccMaTpUBaeMOro MHO-
rorpaHHMKa MPUHALJIEXUT IPaHu KyOa, sIBIsieTcs! KBal-
paToM, U OJIHa BepIlIMHA 3TOro KBalIpaTa JeXUT Ha ped-
pe Kyba. DTOT ciyvail BO3MOXeH, ecliv KaxJiasi Bepllu-
Ha yKa3aHHOro KBalpaTa ecTb cepeluHa pebpa rpaHu
Ky0a. bosiee Toro, a3To UMeeT MecTo AJisl BceX IpaHeii Ky-
6a. bokoBoe pebOpo KaxJoil OTpe3aHHON NUpPaMUJIbI

1
paBHO . O6BEM NCKOMOTO MHOI'OI'paHHHKaA paBE€H 6

3-it caynaii. OHa U3 rpaHell paccMaTpUBaE€MOro MHO-
rorpaHHUKa MPUHAJIEXXUT IPaHu Kyba U sIBJsieTCs KBal-
paToM, Bce BeplLIMHbl KOTOPOIO BHYTpPU 3TOH TI'paHHu.
Torjga Bce rpaHu, npuiexaniye K Hei, JOJDKHBI ObITh
MPaBUWIbHBIMU HIECTUYTOJbHUKAMU. DTHU IIECTUYTOJIbHU-
KM paBHBI, [IOCKOJIbKY y COCEJHUX ecTb oOliue pedpa.
3HAUUT, YeTbIpe NIMPaMu/ibl, COOTBETCTBYIOIIME YKa3aH-
HOH rpaHu, paBHBI. Jlajee mojgydaeMm, YTO BCe BOCEMb
nvpamuj pasHbl. Ilyctb x — 00KoBOe pedpo Kaxaoi 13

nupamui. Tora cTtopoHa ocHoBaHUs paBHa X /2, a CTo-

1
POHa MIECTUYTONIbHAKA 3 X 2. Ho cropoHa 1ecTuyroJib-

L2

HUKa paBHa (2x — 1) (puc. 16). IlpupaBHuBast nBa

BbIpaX€HUA HJIs1 CTOPOHDI, Haligem

1 2
gxﬁ (2x-1)5 4 = % OO6beM nupamubl, y KOTO-

poit 6oKoBbIE pedpa IoMapHo Iep-

NeHANKYJISIPHBL U PaBHBI 7, paBeH

9
T8 3amMeTuM, uTo JiBe OTpe3aeMble
W COCEIHUE TpEeyrojibHble Irpa-
MUl UMEIOT OOIIyI0 4acTb. DTa
obass 4Yactb — TpeyroJibHasi
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nupamuja, y KoTopoi 1iBe coceJHIe IpaHy NepreH UKy~
JISIpHBL U SIBJISIIOTCS paBHOOEIPEHHBIMU IPSIMOYTOJIbHbI-

MU TPEYroJbHUKAMHU C TMUIHOTeHy30i (2x — 1) = % Ee

o0beM ﬁ Takum obpa3oM, 00beM paccMaTpUBaAEMOrO
72 12 1
MHOrOrpaHHUKa paBseH 1 — D8 T 1o = 5

4-11 caywaii. Y paccMaTpMBaeMOro MHOIOIpaHHMKA
HEeT IpaHeii, mpuHaJyiexamux rpatsM Kyba. Crienosa-
TeJIbHO, MHOTOTPAHHUK, OTPAaHWYEHHBIH TUIOCKOCTSMU
OCHOBaHMIl OTpe3aeMbIX NMupamMuj (TO OKTa’p), pac-
1osioxeH BHyTpu Kyba. HaubosbimMm ero oobem oOyer,
€CJIM ero BepIIMHAMU SIBJSIIOTCS IEeHTPhl TpaHel Kyoa.

1
B sTOM cityyae 00beM paBeH g A B0oO0OI111E, 00OBEM MOy~

HAIOMICTOCA OKTAd/JIpd MOXKET MCHATHCA OT 0 mo 6 .

5

9. Omeem: g, 3 B otiume ot npenpiayuiei 3anauu

Ol 0

3/leCh CKa3aHOo, YTO BCE BEPIIMHBI 110JIyUMBIIErOCs MHO-
rorpaHHMKa pacrojoxeHbl Ha peOpaX okTaszapa. Bos-
MOXHBI BCEro JiBa cliyyasl.

1-it cywaii. Y mony4uuBLIErocss MHOrOrpaHHUKaA 6 rpa-
Hell SBJISIOTCS KBaJpaTaMHM, a 8 rpaHeil — MpaBUJIbHbI-

8
MU LmecrtuyroasHukamu. Ero oobem 7 obObema okrasn-

9
pa.
211 cayuaii. Y 1OJYy4YMBIIErocsi MHOTOTpaHHUKA 6 rpa-
Hell — KBaJpaTbl, a 8 — MpaBUJIbHbIE TPEYTOJbHUKHU.

5
Ero o6bem g or obbeMa oKTasjpa.

3
10. Omeem: 5 CrenaB cOOTBETCT-

ByIOIIYIO pa3BepTky (puc. 17), Haii-
IeM, 4YTO [JIMHa — KpaTdainmi
IyTh — CPEJHSsl JIMHUSL Tpalleluu 1 1

c ocuoBanusamu 2 u 1. Ee mmmna — % . Puc. 17
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11. Omeem: ne 6071ee /2 . Hanbonbimm 6yneT pe6po
y MpaBUJIBHOTO TETPadpa, BEPHIMHAMU KOTOPOTO $IB-
Js0Tes 4 BeplMHBI KyOa. BrivcaB B emWHWYHBIA KYO,
Ky0 MeHbllIero pa3mMepa, TakuM 00pa3oM uToObl 0j1Ha 13
BepIIMH COBMaJa ¢ BEPITUHON UCXOIHOTO, U B35IB B KaUe-
CTBE BEPIIUH TeTpasipa 4 BepIIMHbl HOBOTO Kyba, Jexa-
e Ha MOBEPXHOCTH WCXOIHOTO, MBI IMOJYYUM TETpa-
97Ip, BIOMCAHHBIA B €IMHUYHBIA KyO C JTIOOBIM pedpom

MeHbIIUM /2 (ero pebpo paBHO IMATOHAIM TPaHHU
MEHbINero Kyoba).

7.6

1. Omeem: %2(3 — ./5). Pebpo uKocasmpa paBHO

KQ=x.2 = %2 (3 — ./5) (cM. moKazaTenbeTBO Teope-
Mbl 7.2 1 puc. 114 B yueGHUKe).

3.3+ J15
12

2. Omeem: a. PaccMoTpum ukocasip, Bru-

CaHHBIN B OKTa’/p ¢ pedpom 1 (puc. 114 B yuebHuke).
Haiinem ero obwem. s sToro u3 obdbema OKTasnpa

2

(?) HaJo BblYecTb 12 pa3 BeJIMUYMHY, paBHYIO 00beMy

nupamunbl LBPK. A 4yToObI HAaliTU 0ObEM 3TOI NUpaMu-
Ibl, BOCIIOJb3YEMCS TEOPEMON 5.5 110 OTHOUIEHMIO K I1a-
pe nupamun LBPK u ABCE (o61uas BepiuuHa B). [Tony-

9uM, 9TO 00beM nupamuibel LBPK paBeH 1£§ x*(1 = x).

Takum 06pazoM, 00beM UKOca’3pa, BIMCAHHOTO B €U~
HUYHBIA OKTa3JIp TakK, KaK IOKa3aHo B Teopeme 7.2, pa-

L2

BeH 3 — J2x%(1 - x). Pebpo 3Toro MKocasapa paBHO

x /2. Ho 06beM uKocasipa NpornopLyoHajeH Kyby pe6-
pa. CienoBatesbHO, YTOOBI HAaliTM 00BEM MKOCa’/pa ¢
pebpoM a, cienyeT MOJYYEHHYIO BEJIUUYMHY YMHOXHUTb
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Ha [Tonydaem, uTo 00BEM HKOCa3pa ¢ pedpoM a

ad
2x3.2°
1-3x% + 3x3

6x3

MBI He OyJieM cpa3y 3aMeHSThb X N3BECTHBIM 3HaueHHeM,
a BOCIOJIb3yeMCsl TeM, UTO U3 YpaBHEHUs, OMpenessio-
IIEro X, CAEAYIOT paBeHcTBa x2 = 3x — 1, x3 = 3x2 —x =
= 3(3x - 1) —x = 8x — 3. [1ocie HecIOXHBIX ITpeodpa3o-
BaHUI HafmeM 9ro 00beM HKOcaspa paBeH
53x—-1) 3=
6(8x — 3)
pa, TO paauyc onrcaHHoro wmapa paseH OP. I1o Teopeme

Kocunycos R2 = OP2 = MO? + MP? - MO-MP.J2 =

=%+x2—x—2x—— 2,5 - /5. To ectb MblI HalLIM

paBeH a3, JInsi ynpolleHus: BbIYMCICHUM

- (3 + ./5)a®. Ecim O — nenrp okTasn-

paJuyc OIMCaHHOHN cdephl ISl UKOcaljpa ¢ pedpom

x.2,r0ex = % (3 - /5). Jlna uxocasznpa c pebpoM a pa-

IUYC OMMCAHHOIO Llapa paBeH % /%(5 + ./5). s BoI-

YUCJIEHUs] paJnyca BIIMCAHHOIO Iapa B UKOCA3Jp BOC-
nojb3yeMcs ¢hopmysiol TeopeMsl 5.6. Bece rpaHu storo
MKOcasJipa — IPaBWIbHbIE TPEYTOJbHUKN CO CTOPOHOM
23
a
a. Ero mnojHasi nmoBepxHOCTb ZOT = 5a2./3. 3nas
0o0beM MKOcad/Ipa, OJyYuM, UTO
paauyc BIIMCAHHOIO B HEro liapa

33 + J15
— 1

K
paBeH

3. Omeem: a /7. Paccmorpum
MKOCa3lp, IOCTPOEHHBIM Ipu
IOKa3aTeJbCTBe TeopeMbl 7.2 (puc. Q
114, yuebnux). Haitnem xpar- !
yadumMiA 1yTh MEXJy BepllirHa- !
mu K u K. Ilycrts 5TOT 1IyTH 110-

CJIEOBATEIbHO TIEpEeceKaeT peo- K,
pa LP, LQ, QN,. CuenaeMm
passeptKy. Ilonyunum mnapainieso- Puc. 18
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rpaMMm KPK /N, cocTaBJIeHHbII U3 YEThIPEX IPaBUIbHbBIX
TpeyroibHuKoB (puc. 18). Ero quaronans KK, u ectb uc-
KoMoe paccrosinue. Haxonum ee 1o reopeme KOCMHYCOB.

KK, =a.7.

4. Omeem: TNpaBUJIbHBIA JECATUYIOJbHUK. BHOBBL
PaccCMOTPUM MKOCa3JIp, COOTBETCTBYIOIMI PUCYHKY 114
yuebnuka. Ilnockocru MONPL v M,QN,P,L, napai-

JIeJIbHBl MeXIy cOOOi M NepHeHAUKYJIAPHbI TUaroHalIn
KK,. IInockoctb, neprienaukyasspHas KK, u npoxons-

1asa 4epe3 cepeInHy KKl, AEJIUT MOII0JaM BCE OTPE3KU

C KOHIaMH B Iiockoctssx MONPL v M QN PL,. U3

3TOrO clelyeT, YTO YKa3aHHOe ceyeHHe eCTb NpaBUjIb-
HBbIii IeCATUYroJbHUK, CTOPOHBI KOTOpOro B 2 pasa
MeHbllle pebep UKoca3Ipa.

S. Omeem: n — arcsin%. ITyctb O — ueHTp OKTasnpa

(v BOMcaHHOTO B Hero MKocasnupa, puc. 114, yuyeOHUK).
JIByrpaHHbIe yIJIbl MKOCA3Jpa €CTb YIBOCHHbIC JBY-
I'PaHHbIE YIJIbl IIPU OCHOBAHUHU MPAaBUJIbHBIX NMUPAMUJ, C
o0rieit BepiuHor B O M OCHOBaHUSIMUA — I'PAHSIMUA UKO-
caszpa. Eciin pebpo nkocasjipa a, To CTOpOHbI OCHOBaHUM
yKa3aHHBIX TUpaMUJI TakXe paBHbI @, OOKOBbIC pebpa
PaBHbl paJuyCcy OIIMCAaHHOIO OKOJIO MKOcalsJpa uiapa,
a BbICOTa paBHA pPaJuycCy BIIMCAHHOI'O B MKOCA3Jp IIapa

(r = 3[31;2“/1_561). Eciv ¢ — nByrpanHblii yroa mpu
" 2r.J3

OCHOBaHMH yKa3aHHOH MUpaMUIbL, TO g = —= =

_3+ /15 . L _2tge 2 _

= 5 Haiinem sin 2¢ = T+ige ~ 3 A 1no

CKOJIBKY ¢ > 1—:, JIBYTPAHHbBIC YIJIbI MKOCA3Jpa PaBHbBI
— arcsin 2

T —arcsinz.

1
6. Omeem: arccosﬁ . YIIIbl MeXJy IUaroHaJsiMU
MKOCa3/ipa paBHbI Yy [IPU BeplIMHE paBHOOEIPEHHOTO
TPeyroJbHUKA C OCHOBaHUeM a (pedpo ukocasapa) u 60-
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KOBBIMU CTOpoHamMu R (paIuyc OIMCaHHOIO LIapa).

1
JT1O0T yroJi paBeH arcCos—.

J5

7. Omeem: na (AuaroHanu ukocaszapa). MoxHo noka-
3aTh, UTO 0OJIbLIE HIECTU MPSIMBIX, 0Opasyolue rnomnap-
HO paBHBbIE YIJIbl, IPOBECTH Helb3s. Kpome Toro eciu B
IIPOCTPAHCTBE IIPOBEIEHBI 6 IPAMBIX, BCE YIIbI MEXIY
KOTOPBIMM PaBHbI, TO KaX/IbIi U3 9TUX YIJIOB PABEH YIJly
MeXy IAaroHaJIsAMU UKOCa3apa.

8. Omeem: L +47“/§a3, A3 ZJI_S 24 o5
N2(5 + f)

PaccmoTpuMm nomekasnp, BOUCaHHBINA B MKOcal3p ¢ ped-
poMm 1 (mBoticTBeHHbIH nonekasnp). Ilyctb Q — neHTp
uKocaspa (a Takxe nonekasupa), ABC — kakasi-To
rpaHb ukocasipa, P — uentp ABC (P — onHa u3 Bep-
HIMH fgojeKkasnpa), M — cepenuna AB, E u K — nipoek-
unn P Ha OA n OM cootBercrBeHHO. PaccmoTpum nsth
rpaHeii uKkocaszpa c obueid BepiinHoi A. LleHTpel 3TUX
rpaHeil — BepLIMHBI COOTBETCTBYIOIIEH I'paHM JoJeKa-
aapa. Ilnockocte 3TOM rpanu neprneHnukyiaspHa OA.
CnenoBarenbHO, E NpUHAMJIEXKUAT YKa3aHHOW T'paHU [0-
nekasypa. Ilycts ABD Takxke rpaHb ukocaspa, Q — ee
LIEHTp, Torga PQ ecTb pedbpo paccMaTpUBaeMoro Aofe-
Kasnpa u PQ nipoxonur yepes E. OA u OP — cootser-
CTBEHHO PAJIMYChl OIMCAHHOI'O U BIIMCAHHOTO L1apa JJIs
paccMaTpuBaeMoro ukocaszapa (OP — Takxe paznuyc
OIMCAaHHOIO IIapa IJd paccMaTpUBA€MOIo NOAEKa3-
3.3+ JI5\ 7+ 3.5
( 12 ) - T 24

pa). 3nauur (3anaya 2), OP? =

(1), 04% = %(5 + J/5) (2). Hetpyano naiitu OM? =

= OP? + PM? = # + 112 3+[ (3). dainee 6y-

leM IENCTBOBATH MO3TAITHO.

1) Haiinem PQ. Tlo Tteopeme kocuHycoB PQ? =
= MP? + MQ?-2MP - MQ cos B, Tie p — IAByrpaHHbIi
yroi ukocasgpa. [locie mpocThix mpeobpasoBaHuii Haii-
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€M, 4YTO pe6po JTBOMCTBEHHOI'O K CAMHUYIHOMY UKOCA3 -

py nozxekasipa b = PQ = ! + 55 (4).

2) Haiinem cHavasa OTHOIIEHHE OOBEMOB paccMmar-
pUBaeMbIX JoJeKa3pa U UKocasapa. 3aMeTuM, 4To o0b-

eMbl nupamun OPKE w OPAM coCTaBaAIOT % 4acTb

20
06’beMOB zloz[eKaaz[pa n I/IKocaaz[pa. CJ'IeI[OBaTeJIbHO, oT-
HOIIICHUC 06T)eMOB OTUX HI/IpaMI/II[ paBHO OTHOIICHHUIO
OﬁbeMOB pacCMaTpUBACMbIX JOJCKaAJdJIpa U UKOCA3Ap4d.
I/ITaK NCKOMOEC OTHOILIICHHUE O6”beMOB paBHO
OE OK _ OE-0A OK-OM _ oP*4 = (5

O0A'OM =~ ~ 042 OM? ~— 0A2-0M? (5)-
Mpl 3HaeM (3agaya 2), 4To 00beM eqUHUIHOIO UKOCaAd -

pa paseH V| = 1% (3 + ./5) (6). O6bem ABOICTBEHHOTO

K €IMHUYHOMY MKOCa3Apy Aojekasnpa paseH AV, Ham

HaJlo HaliTH OTHOIlleHne oObeMa AoAeKkasapa K KY6y €ero

AV,
pebpa, T. €. BeIMUUHY 73 3ameHsisi B 9TOii pobu Bce

BesInIuHBl 110 popmyiam (1) — (6), mosyuum, 4To OHA

15+ 7.5

paBHa — 7 - CJ'IBI[OBaTeJ'IbHO, 00BeM AoA€Kasnpa €

15 +47ﬁ 2

3) Haiinem panuyc niapa, onucaHHOro OKOJIO 1oeKa-
31pa ¢ peOpoM a. MBI 3HaeM paauyc Lapa, OUCAHHOTO
OKOJIO JI0JIeKa3/ipa, ABOMCTBEHHOIO K €IMHUYHOMY UKO-
casnpy, oH paseH OP (1), a Takxke peOpo 2TOro nojeKa-
sapa b (4). 3HauuT, paguyc Iapa, ONMCAaHHOIO OKOJIO

B+ 5
g a

pebpom a paBeH

noJeKasnpa c pebpoM a, paBeH

4) Pagunyc mapa, BIUCAaHHOTO B IBOMCTBEHHBIN K €111~

HUYHOMY HMKOca’3apy Joneka3inp (c pedpoMm b), paBeH
OE-0A4 _ OP?

OF = . Paguyc mapa, BiucaHHoro B 10-

0OA T 04
2+ .50

N2(5 + f)

or
ZeKas’/Ip ¢ pebpoM a, paBeH —~a =
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1
9. Omeem: T — arccosﬁ. ITockonbKy IBe cocenHue
rpaHu NojeKas3pa MepIleHIUKYJISIPHBI IBYM COOTBETCT-
BYIOIIMM JIMaroHajIsiM JIBOMCTBEHHOI'O HMKOCa’/pa, TO
3TO O3HaYaeT, YTO ABYI'PAHHBIA YroJ MexXay coceTHUMU
rpaHsAMU IOAeKas3]pa AOMOJHSET A0 T YroJ MeXIy Iu-

aroHaJIsIMU MKoca3pa (3azaya 6) U paBeH Tt — arccos% .

10. Omeem: npaBWILHBINA necATAYroabHUK. Paccmort-
pPUM JiBe IIPOTUBOIIOJOXHBIE TpaHu JojeKasapa. Ilioc-
KOCTb, TapaJulesIbHasl 3TUM TPaHsIM U PaBHOYAAJIEHHasl OT
HUX, llepecekaeT 10 ocraBuMxcs rpaHeit B cepe/iMHax pe-
Oep, He UMEIOIIKX OOIIMX KOHIIOB ¢ BepIIMHAMU JaHHbIX
rpaHeii. B ceueHuu OyzeT NpaBUIbHBIN 1€CATUYTOJbHUK.

11. ITockonbky naruyroibHuku ABCDE n BCEFK
CUMMETPUYHBI OTHOCUTEJIBHO ITUIOCKOCTH, IIepIEHANKY-
JapHo¥ BC v npoxonsiueil yepes cepenuny BC, AK =
= DE = BE = BD. Takum obpasom, nupamuna BDEC
npaswibHas, CE nepniennukyisapia BD. Ho CE napai-
JnenpHa BF. 3Hauut, BF niepneHaukyjaspHa BD.

8.2
1. Omeem: a) /38;6) J42.

2. Omeem: (—g; 0; O). Ilyctb KOOpAMHATAMU TOUYKU

M 6ynyt (x; 0; 0). U3 paBencrBa AM = MB nonyyaem
ypaBuenue (x + 2)> +16 + 1 = (x—1)> + 1 + 4, u3 xo-

TOpPOrO HaWlieM x = =5
8.7 9 7 9. 8
3. Omeem: (3, g5 0), (E’ 0; 5 ), (0, “3° 73 )
Touka, Jexaias B rockoctd xOy, UMeeT KOOpAUHaTY

(x; y; 0). U3 ee paBHOYTQJIEHHOCTH OT TPEX JAaHHBIX TO-
YeK IM0JIyuaeM CUCTeMY ypaBHeHui: x2 + y2 + 9 = x2 +

+ (y_4)2:(x—5)2 +y2’ OTKyﬂax: g’y: %-Koop_

JUHATBI OCTAJbHbIX TOYCK HAaXO0dATCA aHAaJIOTNYHO.
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4. Omeem: (x + 1)> + (y—2)?> + (z + 3)? = 14. Pamuyc
JAHHOW c(hepbl paBeH PACCTOSHUIO MEXIY €€ [IEHTPOM,
TOUKO# O ¥ TOUKO# Ha chepe — HavaIoM KOOPIHMHAT.

5. Omgem: (x +1)*> + (y - 1)?> + (z—1)? = 17. LUentp
aTOM chepbl — cepeauHa oTpe3ka AB, ero KoopauHa-
o1 — (=1; 1; 1); pammyc — nosioBuHa AB.

6. Omeem: x> + (y — 2)> + z> = 9. Ilycrb 1eHTp naH-
HOM cheprl — Touka O ¢ koopauHatamu (0; y; 0). 13 ye-
JnoBus OA = OB = R HaxoguM, utoy = 2, R =3
3 ] J14

7. Omeem: (—%; —1; 5 b 5 Brinenss mosanble

KBaJpaThbl 11O X, y U Z, ©CXOAHOE€ YpABHEHUE MOZKHO IIpU-

2 2
BECTU K BUILY: (x + %) + @+ 1)+ (z + %) = %
8. Omeem: (x + 1)2 + (y —=3)2 + (z—-2)?> = 1. Paguyc
TaHHOU cepbl paBeH pacCcTOSIHUIO OT TOUKU O 10 TUIoC-
KocTu yOz, T. e. 1.

9. Omeem: (x —3)> + (y + 1) + (z—4)?> = 17. Touka
KacaHus — Ipoeklus 1eHrpa cdepnl Ha ock Ox. Ee ko-
opauHathl — (3; 0; 0). (masiee cM. penienue 3anaun 4).

10. Omeem: (x + 1)2 + y2 + (z - 2)2 = (J6 £ 1)2
Koopmunater nenrpa Bropoii cdepsr — (0; 1; 0), ee
pamuyc — 1 (cm. pemenue 3anaum 7). M3 yciaoBusi, 9to
paccTosiHue MeXIly LIEeHTpaMK Kacaroluxcst chep paBHO
CyMMe UX paJuycoB (B clyuae KacaHWsI BHELIHUM 00Opa-
30M) WJIM MX PAa3HOCTHU (BHYTpeHHee KacaHue ), HaXOIUM,

YTO pajryc HCKOMOIi cephl paBeH /6 + 1.

3 542

11. Omeem: (i’ 2; 2] -

cdepsl — Touka Q(x; y; z). Y3 yenoBusi, uto chepa npo-

XOJMT uepe3 ueThlpe 3aJlaHHble TOUKH, II0J1yYaeM CUcTe-

My ypaBHeHMil: x2 + y2 + 22 = (x =3)? + y? + 22 = x> +

+ (y-42+22=x2+y> + (z — 5?2 (= R?, orKyna
3 5 542

x=§,y—22—§1/1R—

. Ilycrp neHTp maHHOM
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8.3

1. Omeem: 3x =2y + 4z =29 = 0. Touka A(3; 2;4) —
npoekimsg Toukn O(0; 0; 0) Ha TaHHYIO IJIOCKOCTb.
Hajee cM. 10Ka3aTeJbCTBO TeopeMsl 8.1.

X
2. Ilnockocts, 3alaBaemas ypaBHeHMeM — + % +

+ g —1 = 0 npoxoaut uepe3 touku (a; 0; 0), (0; b; 0)
u (0; 0; ¢).

ax+by+cz+d, =0,

3.C Z
ucteMa ypabHeHUN {ax +by+cz+d,=0 He

uMeeT peleHuit npu d, # d,. 3HaUuT, IJIOCKOCTH HE UMe-
[OT OOIINX TOYEK.

4. Omeem: 2x —y — 3z + 13 = 0. Uckomoe ypaBHeHUe
uMmeer BUI: 2Xx — y — 3z + d = 0 (cM. mpeablnyniyio
3anauy). [ToncraBuB BMeCTO X, y M z KOOPAUHATHI TOUKU
(=2; 0; 3), Halingem d.

5.0meem:3x -3y + z + 1 = 0. Cepenuna AB — Tou-
Ka Ay(-2; —1; 2) aBigercs npoeKuueil Touku A Ha UCKO-

MYIO I[IJIOCKOCTD. Z[aﬂee CM. J0Ka3aTCJIbCTBO TCOPCMbI
8.1.

6. Omeem: x + y + 3z = 0. IloacraBuB KOOpAMHATHI

JIAHHBIX TOUEK B YpaBHEHUE IIIOCKOCTH, 110JIyUUM CUCTe-
3a+c+d=0,

My:<2a + b-c +d =0, U3 oroii cucremb: d = 0,a, b u
—2a +2b+d=0.

¢ HaXOOATCA C TOYHOCTBIO MO IIPOIIOPIITNOHAJBHOCTH.

7. Omeem: x + 2y + 3z = J14 = 0. Ilyctb TOUKa

KacaHus A, UMeeT KOOpIUHATHI (mg; ngy; py), TOTIa HUC-
KOMO€ ypaBHEHHWe umeeT BUI ax + by + cz + d = (),
rne a = -my b= -ny, c= -p,ud=m§ + n§ + p}
(cM. moKasarenbcTBO TeopeMbl 8.1, Touka A, — Mpoek-
uus ueHTpa chepsl Touku O(0; 0; 0) Ha AaHHYIO MJOC-
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KocTh). M3 ycioBusl mapaulelbHOCTU IUIOCKOCTEN:
—nm, _~Hy Py

1 — 2 ~ 3°
TO m% + n% +p% = 1. U3 210l cucremnl m, =

a Tak KaK TO4Ka A, JeXUT Ha cdepe,

+-L
J14

2 3
ngy=*t— up,=+t—.
0T T T

8. Hanmiewm ypaBHeHue INIOCKOCTH, ITPOXOAIIEH ye-
pe3 Touku A, B u C, v 1poBepuUM, YTO KOOPAUHATHI TOY-
KU D yIOBIETBOPSIOT 3TOMY YPaBHEHUIO.

9. Omeem: 51#
ys Havyajla KOOpJWHAT Ha JAHHYIO NJIOCKOCTb, TOTIA
YPaBHCHHUEC —XpX — YoV — ZZ + x% + y% + Z% = 0 samaer
Ty Xe IUIOCKOCTb (CM. JOKa3aTeJbCTBO TeopeMbl 8.1),

2, .2, 2
“Xg _ Yo _ Zop _ Xyt y,tz
T. €. T = 3 = T = T KpOMe TOro, TakK

. ITyctb Touka A(xy; y; Z,) — NPOEK-

KaK TOYKa A JIEXUT B JaHHOU IUIOCKOCTH, TO X, — 2y, +
> s = =2, =10 - b
+3z5 - 5= 0. Orciona xy= 17, 0= ~17 "% = 14

(BOO6H_[6‘, pacCctossHue OT TOYKHM C KOOpAWHATAMU

(%0 Yos 2o) BO TWIOCKOCTU ax + by + cz + d = 0 paBHO
axy + by, + czy +d

Ja? + b? + ¢?

HCIIOJIb3Y CKAJIIPHOC IIPOU3BCACHNUC BeKTOpOB.)

10. Omeem: z = 0 u 24x — 36y + 23z - 72 = (. Lentp
naHHOU cdepbl nMeeT koopauHaTel (0; 0; 1) (cM. petie-
Hue 3agaun 7 u3 8.2). Ilycrts Touka KacaHus A, umeer

KOOPIUHATBL (Mg, Ny, py), TOrda UCKOMOE ypaBHEHHE
umeer sBun ax + by + cz +d =0,rne a = -my, b = —n,,

. O1y bopmysly HETPYIHO NOKa3aTh,

2 2 2
c=1-pyud=my + ny + p, — p, (cM. JOKa3aTeb-
crBo Teopembl 8.1, Touka A, — IpOEKIMA LIEHTPa

cepbl Ha TaHHYIO MJIOCKOCTB). M3 yclIoBUs, YTO TOUKU
(3; 0; 0) u (0; =2; 0) nexaT B TaHHOU IJIOCKOCTH, a TOU-
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Ka A, — Ha cdepe, nojydyaeM CUCTEMY ypaBHEHUI:
-3m, + mé + ng +p§—p0 =0,
2ny + mé + né +p§—p0 =0,

2 2 2
mg + ny + py=2p, = 0.

. 24
U3 stoit cucreMbl my = = ng = p, = 0 wim m, = 79"
36 7
Moy =729 "Po= 79-
8.4
x+2 y-1 _z-3
1. Omeem: 3 =7 = % -
2. Hanpuwmep:
x-a _ y=-b\ y=b  z-cV _
(az_al bz_b1) +(b2—b1 02—01) =0.
7 17 7 23
3. Omeem: (23;-17; 0), (7; 0; Z]n (0 25 ?]. Vpas-
HEHUE NpsAMOi AB umeer BUL: L -g 2_Y __43 = z_—15-

Touka nepeceyeHus TaHHOMR MPSIMOM € TJIOCKOCTBIO XOy

uMmeeT KoopauHarthl (x; y; 0). [Toacrapisist ux B ypaBHeHUe
. x+2 y-3

TIPAMO¥, MBI TIONYYUM: —3— = ~—;= = 5, otkyna x = 23,

y = —17. KoopauHatsl ToUeK 1epecedeHust ¢ Ipyrumu Ko-

OPAUHATHBIMU IIJIOCKOCTSAMUA HAXOAATCA aHAJIOTUYHO.

4. Omeem: (1; 0; 5). Jannas npsimasi 3a1aeTcs paBeH-

x-3 y-2 z-1
CTBAMHU —7~ = 1 = —5 . Ocrasioch 106aBUTH ypaB-

HEHMeE IJIOCKOCTU U PEllNTh [OJYUYHUBIIYIOCS CUCTEMY.
5. Omeem: nipsiMasi, 3aj1laBaeMasi CUCTEMOM ypaBHEHUI:
2x + 14y + 222-21 =0,
{2x—5y—z—7 = 0.
I'eomerpuueckoe MecTo ToueK (IMT) IUIOCKOCTH,
PaBHOYAAJEHHBbIX OT ToOueK A U B, — 3TO NJIOCKOCTb,
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NepIIeHIUKYIApHasa OoTpe3Ky AB u npoxondias depes
ero cepelyHy (aHaJoOr cepelWHHOro IMepleHIUKYIsIpa
Ha rockoctu). Ee ypaBHenue 2x + 14y + 22z -21 =0
(cM. peurenuie 3anauu 5 u3 8.3). AHaJIOrMYHO AJIsI TOUEK
An C— nnockoctb 2x — 5y —z =7 = 0. [Ipsaamas nepece-
YeHUs 3TUX ABYX IUIOCKOCTEN U OYAET UCKOMBIM I'MT.

6. Ilmockocty, mnapaulelbHble IUJIOCKOCTH, xQOy
(z =z, 0 < z; < h), nepeceKaloT IOBEPXHOCTb, 3aaBae-
MYIO 3TUM YpaBHEHUEM [0 OKPYXKHOCTSIM, LI€HTPbI KOTO-
pbIX J1exat Ha ocu Oz (O(0; 0; z,))). Panuycel naHHBIX OK-
pyXHocTeil 06paTHO MPONOPLUOHAIBHEI Z;, — PacCTOs-
HUIO OT HayajJa KOOpIMHAT N0 COOTBETCTBYIOLLEH
IUIOCKOCTH (IIpH Z, = h pajuyc paBeH HYJIO, U 3TO TOY-
Ka). Takum oOpa3oM, TaHHOe ypaBHEHHe 3alaeT OOKO-
BYIO TIOBEPXHOCTb KOHYCa, OCb KOTOPOTO JIEKUT Ha OCU
Oz, panuyc ocHOBaHUs — rh, BicoTa — h.

x=3 _y-2 _z+2
1.0msem: —~ =~ = —

Mas nepecekaeT ocb Ox B Touke (x;; 0; 0). Torna oHa 3a-
x—3 -2 z+2

=3 = y_2 = —— (*). Hycrs
OHa nepecekaet npsmMyto x = 1,y = -2 B touke (1; -2; z;).
IMoxcraBuB KoopauHATHI 2TOM TOUKM B (*), Mmomydnm

. =2 z;+ 2

CUCTEMY ypaBHEHUI: 3" 2= —
=z, = 2. (Bropoe pernienue: ecam HamcaTb YpaBHEHUS
IBYX IUIOCKOCTEH, MPOXOAAIUX Yepe3 JaHHYIO TOUKY U
npsamele Ox 1 x = 1, y = —2 cOOTBETCTBEHHO, TO MpsAMas
riepeceueHus ITUX TIIOCKOCTEl 1 OyIeT MCKOMOIA. )

. IlycTb nanHas nps-

JAaCTCS paBCHCTBAMUA

, OTKyJa X; =

8. Omeem: (0; 7; —1). Haiinem HaumeHblllee paccTosi-
HIe Mexay Toukoit A(4; —3; 5) u Toukoit P Ha npsiMoii
x =y = z. Ilyctb Touka P uMeeT KOopIuHaTHI (a; a; a).
Torna AP? = (a — 4)*> + (a + 3)? + (a — 5)% PackpbiB
CKOOKM M BBIIENUB IOJHBIA KBaZpaT, Mbl ITOJY4YMM:
AP? = 3(a - 2)> + 38. Takum 00pa3oM, MUHUMYM JIO-
cruraeTcsl pu a = 2, U, 3HaUUT, Touka P(2; 2; 2) saBis-
eTcst npoekiueit Touku A Ha npsmyto x = y = z. Ilycrb
Terepb TOUKa A; CUMMETPAYHA TOUKE A OTHOCUTEJIBHO

102



IAHHOM MpsAMOW, Torga Toyka P — cepelrHa OTpe3Ka
AA,. Ocranoch TOJbKO IPUMEHUTL (POPMYILY IJIs1 KOOP-

IHAT CEpCINHbI OTPEC3Ka.

27
9. Omeem: e IIpsamast AB 3anaercs paBeHCTBAMU
x-4 y-5 _z+2
3 1 5
KMM 00pa3oM, IPOU3BOJIbHAS TOUKA Ha MpsIMOii AB nMeet
koopauHathl (3y — 11; y; Sy — 27), a Touka Ha ocu Ox —
(x; 0; 0). KBagpaT paccTosiHUSI MEXI1y TaKUMHM TOUKAMU
paBeH 3y — 11 -x)2 + y2 + (5y-27)? = By - 11 -x)* +

,wm x = 3y — 11,z = 5y - 27. Ta-

+ (J% _ 15y 27 MunumanbHOe 3HaYeHUE 3TO
Y J2_6) 26 °

135
BbIpaXKeHHe NPUHUMACT DU y = 5= U X = 3y—11.

Bmopoe pewienue: cipoeKTUpYeM Hallld IpsIMble Ha
IUIOCKOCTb, HEepHeHIUKYJsIpHYyl0o ocu Ox (IUIOCKOCTb
yOz). Ilpu stoM och Ox mepeiiner B Havajlo KOOPIH-
HaT, Touka A(4; 5; =2) B Touky A’(0; 5; —2), a Touka
B(7; 6; 3) — B B’(0; 6; 3). Torma, uckomoe paccTosiHUe
PaBHO PACCTOSIHMIO OT Haudajla KOOpAMHAT JO HpPSIMOM
A’B’(cm. § 4.3). Ypasrenue npsimoit A’B’ B muI0CKOCTU

yOz umeet Bun: Sy —z — 27 = 0. ( Ha rutockocru paccros-
HUe OT TOUKH (x; y;) o npsamoit ax + by + ¢ = 0 moxer
lax; + by, + ¢|

Jaz + b2

10. Omeem: x -2y -3z +4=0,2x +y-z-2=0.
JocTaTOuYHO HAaWTU ypaBHEHUS ILIOCKOCTEH, IPOXO-
JSIIUAX 4Yepe3 TOUKY A M napajilesIbHBIX IIOCKOCTSIM
x-2y—-3z=0u2x + y—2z = 2 cOOTBETCTBEHHO (CM. pe-
nieHue 3agauu 4 us 8.3).

OBITH HaliJIEHO 110 cieyiolei (popmyJie:

8.6
1. Omeem: (8; =2; 2), (-6; 4; 2).
— —
2. Omgem: B((5; 1; -2), C(-1; 2; 2). AA, = BB, =
—
= CCy = (3; 0; -3).
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3. Omsem: a) D(2; 1; -2), A,(-1; 2; 1), B,(0; 1; 3),
D,(0: 3; 0); 6) Ay(~4: 3:0) B(-1: 3:0) ¢)(-2: 31 2)

> 55 > 35 > 55
D(—l;%;Z).

— —
a) BA = CD = (-1; 1; -2), oTKy1a HaXOUM KOOp-

nuHathl Touku D. U3 pasenctsa AA, = BB, = CC| =

—
= DD, = (-2; 2; 2) HaxoouM KOOPAMHATHI OCTAJIbHBIX

BEPLIVH.
6) Touka O c koopauHatamu (-1; 1; 1) — cepenuHa

AC, aTouka O c KOOpAMHATAMHU (—3; % | )— cepennHa

B\D,. Torma AA, = BB, = CC; = DD, = 00, =

1
= (—2; =55 0]. OTcrola HaxOMM KOOPAMHATBHI OCTaB-

IIMXCSI BEpIIMH MapajuieenuIiesa.
4. Omsem: a) (0; 0; 0), (—4; 4; 4), (-8; 8; 8); 6) (0; 0; 0),
(—4;-1; 0), (-8; —=2; 0). MOXHO HerocpeACcTBEHHO MOCUU-

TaTb, BOCIIOJIb30BABIINCh OTBECTOM Hpeﬂbmymeﬁ 3ajlavu,
OOHAKO IJId YIIpOIEHWA MOXKHO UCITIOJIb30BaTh CIEAYIO-

—> —>
e papeHcrBa: AB + CD =0, AA, + BB, = 2A4A,

I/IABl + BCl + CDl + DAl = 4AA1

> > > > — > >
S. Omegem: a = n + 2p. Ilyctb a = xm +yn + zp.
Torna, moncTaBisiss B 9TO paBEeHCTBO KOOPJIWHATHI BeK-

x+y=1,
TOPOB, IOJy4YaeM CHUCTeMy: {Xx +z = 2, orkyaa x = (),
y+z=3,
y=1,z=2
— — — — — —
6. a) AC, = AB + BC + CC, = AB + AD +
—_— = = — — —



—_— — — — — —  —
+ AA; CA; = CD + DA + AA, = -AB - AD +
—_— = — — — — —
+ AA;; DB, = DA + AB + BBy = -AD + AB +

—
+ AA,.
— 1 —>
©6) U3 npenbinymero nyskra AA; = Q(AC1 +
—_— — 1 — — — 1 —
+ CA,), AB = 5(AC, - BD,) u AD = 5(BD; -

— —>
- CA;). Kpome TOro, aHajJoru4Ho OyHKTy a) AB; =

— 1 15—
=AB + AA; = AC, - 5BD, + 5CA,.
— — —
B) AHAJIOrMuHO NyHKTY a) AB; = AB + AA,
—_— — —_— S —  — —
AD, =AD + AA,, AC =AB +AD . Otciona AD =

1, 2 1
= _(ADl + AC - ABl ), AAl = _(ABI + AD] -
—AC) Kpowme Toro, ACI = AC + AAl 2(ADl

—_—  —
+ AC + AB)).

8.7
3N 20 3N
1. Omeem: a) arccos( 3, ,0) arccos— 706 ;B) arccos( 7
9
Vroa MeXiy BEKTOpaMu d W b MOXHO HaiiTh 10 ciie-
. > 7 a g
nytouieit  dopmyne: cos Z(a, b) = W’ roe cka-
al-|b

JsipHOE TNpou3BeleHUe BeKTOPOB HAaXOIUTCs 110 CBOKCT-
BY 6 (8.7).

2. Ilyctb A(xy; yy; z) 4 B(xy; y,; z,) IBe pa3iMyHbIe
TOYKU JAHHOH IUIOCKOCTH, T. €. UX KOOPIMHATbl YIOB-
JIeTBOPSIOT YpaBHEHMIO NAHHOH IUocKocTd. Berurs us
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BTOPOT'O PaBEeHCTBa MepBoe, Mocie Npeodbpa3oBaHMii TO-
ayuuMm: a(x, — x;) + b(y, —y,) + c(z,—z;) = 0, T. e. cka-

—>
9
JsipHOE MPOU3BeJieHre BEKTOPOB /1 U AB paBHO HYJIO.

9
Takum o0pa3oM, BEKTOp 7 IEpIEeHIUKYIAPEH JI000MY
BEKTOPY (1000 TIpsIMOIi) TaHHOH TIIIOCKOCTH.

3. Omeem: a) arccosi; 0) arccosi. VYron mex-
2,21 NV

Iy TIUIOCKOCTSIMM PpaBeH YLy MeXIy BeKTOpaMy,
UM [EpNEeHIVKYJAPHbIMUA, WU OOIMOJHAET IaHHBIN
yroia no 180° (yroa Mexnay MIOCKOCTSAMU — Bcerza OCT-
phlif, cM. ompeneneHue 14 u3 1.7). Bocnosib3zosas-
LIMCh pe3yJbTaTOM IIpelbIAyIled 3alauyu, HECIOXHO
HAWiTH BEKTOPBI, NepIIeHIUKYJIAPHbIE KaXI0H U3 IUIoc-
KOCTEH.

4. Omeem: 35 + 12./2. ITCl = AB + AD + AA,
(cM. 3amauy 6 U3 mpenpiayiero naparpada). Ilo coiict-

2
BaM CKaJIIpDHOI'O IIPOU3BEICHMUS: ‘AC 1‘ =AC, - AC| =
—> —> — —> —> — —
=(AB + AD + AA,)+(AB + AD + AA,) = AB* +
—> — — — — —
+ AD> + AA?> + 2(AB-AD + AB-AA, +
— —
+ AA,+AD)=4+16+9+2(0+3+6,/2)=35+
+12./2.

13

BBenem

W =

5. Omeem: arccosy, 3

IEKapTOBY CHUCTEMY KOOpAWHAT,
A J‘ B, KaK II0Ka3aHO Ha PpHUCYHKE 19, C
|
|

€IMHUYHBIM OTpPEe3KOM, PaBHBIM

- nivHe pebpa Kyba (9TO ecTect-
_%-%t /¢  BeHHad JIeKapToBa CUCTEMa KO-
- opIuHaT Aas KybOa). B aToil cuc-
TeMe KOOpAMHAT BepLIMHBI KyOa
UMEIOT CJlellylolue KOOPIUHATDL:

b 19 A(0; 05 0), B(1; 0; 0), C(1; 1; 0),
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D(0; 1; 0), 4,(0; 0; 1), By(1; 0; 1), C,(1; 1; 1) u D,(0; 15 1).
Jlasiee, BBIYMCIIMB KOOPJIMHATBI BEKTOPOB, MOXHO HAWTH
Tpebyembie yribl (cM. 3a1ady 1).

6 3 4

6. Omeem: arccosz, arccoss, arccoss. BBenem
NIeKapToBy CUCTeMy KOOpIMHAT C HayajloM B OJHOIA
U3 BepUIMH TMapajjejenurneia W OCSIMU, HalpaBJieH-
HBIMU [0 €ro pebpam, U ¢ €IMHUYHBIM OTPE3KOM,
paBHBIM HauMeHbllleMy U3 pebep. B 310ii cucreme Bep-
HIMHBl Tapajulesienuiena KUMeT Ccledylollde Koop-
nuHatel: (0; 0; 0), (1; 0; 0), (0; 2; 0), (1; 2; 0), (0; 0; 3),
(1; 05 3), (0; 2; 3), (1; 2; 3). JJanee aHAJOTMYHO MPEIbI-
Jyliei 3anayde.

—
7. dna mooeix Touek A, B, C u D BepHo: AC =
—> — —> —_— > — —> —

= AB + BC, DB =-CD - BC, AD = AB + BC +

—> — —> —
+ CD. IloxncraBus BMecTo BeKTOopoB AC, DB u AD

9THU BbIpAXKCHUS, MbI I[TOJIY9YUM Tpe6yeMoe PaBCHCTBO.

8. Omeem: (7,0, 0), (O; %; O), (O; 0; % ) ITyctb KOOpIU-

Hatbl Toukn K — (x; 0; 0), N — (0; y; 0) u M — (0; 0; z).
[NepniennukyngapHocTb npiamblx KA, NA u M A o3Havaer,

— —> — —> — —

yto KA +NA = KA -MA = MA - NA = 0. 3anucas

IaHHbIE CKaJSIpHbIE IIPOU3BENEHUSA B KOOPAMHATHOU

dopme (cBoiicTBO 6 U3 5.7), Mbl OJYUUM CUCTEMY YpaB-
7 7

HEHUH, U3 KOTOPOW HaXOoIUM X = 7,y = 3:2= 3.

9
9
9. Bo3bMeM Ha 3TUX JIydax €eIMHUYHBbIE BEKTOPA d, b,

> > >
¢ud.Torma (@ + b+ ¢ + d)? > 0. PackpbiBast JIeBYIO
JacTh JAHHOTO HEpaBEHCTBA I10 CBOWCTBAM CKaJSIPHOTO
MIPOM3BEICHUS U YIUTHIBASI, UTO IJIMHBI BEKTOPOB PaBHBI
1, monyuaem TpedyeMoe HepaBEHCTBO.

10. Bo3bmeM BHYTpU TeTpasipa IPOU3BOJIBHYIO
TOYKY M OIIYCTMM M3 Hee IepIIEHIUKYJApPbl KO BCEM
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rpaaM. g 3TUX Jy4ed cropaBelIMBO YTBepXKIe-
HUe MNpelblaylleld 3a1a4yu, a Yribl MeXIy 3TUMU Jyda-
MU JonodHsoT a0 180° aByrpaHHble yIjbl TeTpa-
31pa.

11. JlokaxeM, 4TO IonapHbie CKJISIpHbIC IPOU3BEIe-
HUS HaIlpaBJSIIOIIUMX BEKTOPOB OMCCEKTPUC HMEIOT
OIIMH ¥ TOT e 3HaK (WM Bce paBHBI HYJIO). DTO U Oy-
IeT 03HayaTh, YTO BCE TPU 3TH YIJa OJHOBPEMEHHO JIH-
60 ocrpble, 10O TyMble, 1100 psambie. [Tycrs equnny-

9
> 2
HbI€ BEKTOPHI 4, b, C JIEKAaT Ha CTOPOHAaX TpEXI'PaHHOI'O

> >
2 2 2 2

yrija, Toraa Bekropa ¢ + b, a + ¢ u b + ¢ nexar Ha

OuccekTpucax ero IUIOCKMX yrios. Bce ux nonapHble

CKaJIIpHbIE IIPOU3BENEHUS PaBHbI MeXIy cOOOH 1 paBs-

> >
2> 2> >
Hbl ab = a¢ = b¢c = 1.

JlonoJHUTEIbHBIE 3a1a9H
M 331244 sl IOBTOPEHUsI

1. CHayvasna cienyer u3 Jaucra Oymaru UsroToButh pu-
I'ypy, Kak Ha pucyHke 20, a 3aTeM I[1leperHyTh OJIMH Kpai
Ha 180°.

ePeKPyTUTh

—— JIMHUU paspesa
- — - IUHUHU cruda

= = = JUHUU
epeKPyInuBAHUA

Puc. 20
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2. MoxHo, Hanpumep, npoze-
JlaThb HY>XHO€ M3MEPEHUE, CIOXKUB
IIpeJIBapUTeJIbHO TPU KUpIIMYa,
KaK Ha pucyHke 21.

3. TakoBoii Oynmer, Harpumep,

nomanass AKLMDD A, nHa pu- Puc. 21
CYHKe 22.
K
Cl
Bl
|
A, D,
|
M‘=' “\}--¢ -
B2 L
A D
Puc. 22

4. Ha pucynke 23 nzo0paxeHbl
OCHOBaHMsI BCEeX BOCbMM NuMpa-
mua. Bce aTM ocHOBaHUS jleXaT
B OIHOM 1iockocTu. Ilupamusbl,
YbM OCHOBaHUSA  M300paXeHbl
CIUIOIITHON JIMHWEHW, NMET 00-
LIYI0 BEPLIMHY, PACIOJOXEHHYIO
[0 OIHY CTOPOHY OT IUJIOCKOCTHU
OCHOBAHUW, a IUpaMUIbI, YbU OC-
HOBaHMs U300pakeHbl ITpephIBUC-
TOW JIMHWEN, UMEIOT OOIIYIO Bep-
IMAHY N0 JPYIYIO CTOPOHY OT
IJIOCKOCTU OCHOBaHWM.

5. PaccmorpuM npaBuiibHbIA TeTpasnp. [lomectum B
ero neHtp O ucro4yHuk csera. Paccmorpum 4 tpexrpasn-
HBIX yIJla ¢ BeplllMHaMu B Touke O 1 pedpaMu, [pOXosi-
LIMMU 4epe3 BeplIuHbl Terpaszapa. Kaxniplidi u3 stux
TPEXI'PAHHBIX YIJIOB COJEPKUT OJIHY I'PaHb TeTpasipa.
HerpynHo nocrpouTh 4yeTblpe HelepeceKalomuxcs na-
pa, KaXJblif U3 KOTOPBIX 3aKPbIBAET POBHO OJWH TpeEX-
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rpa”Hblii yrou. llap, 3akpbIBalOUi OOUH TpeXIPaHHbIHA
yroJl, MOXKHO IIOCTPOUTDb, HallpuMep, Tak. CHavaJja 110-
CTpOMM Il1ap, Kacawolluiics pedep TpexrpaHHOro yria,
a 3aTeM HEMHOIO YBEJIMYMM €ro pajuyc. 3aKpbIB OJUH
TPEeXTPaHHbIi yroJ, Ipyroi yroy 3akpoem iapom 60Jib-
LIero pajnyca, 4ToObl OH He IlepeceKasics C MEPBBbIM.
U tax nanee.

6. ITycrs npsameie DC u D C| nepecekalorcst B TOUKe
M, a npsameie BC n B,C; — B Touke K. Iliockocru
AB,C,D{ n ABCD nepecekaiorcd no npsamoit MK. Obo-

3HauuM yepe3 E TOUKy nepecedyeHus NpsamMbix AB u MK.
E gaBngerca TOUYKOU mepecevyeHUs ILIockoctd ABBA, ¢

npsamoit MK. 3uauurt, npsamasa EB, npoxonut 4yepes3 A,;.
ITycte Teneps npsamele CC; u DD, nepecekaroTcs B TOY-

ke N, a npsmbele CB u DA — B touke L. Ilnockocru
BCCB; n ADD A, nepecekaorcs 1mo mnpsiMoil NL.

ITycts BB, nepecekaer NL B Touke F. Torna npsamas FA
TaKXe IPOXOAUT Yepe3 A;.

7. Omeem: ceyeHueM Kyba MOryT ObITb IpaBUJIbHBIN
TPEYrOJbHUK, YeTbIPEXyrOJbHUK U LIECTUYTOJIbHUK.
IIpaBuibHbBIA 1HIECTUYTOJIbHUK TTOJIYUYUTCS 1IPU CEUEHUU
Ky0a MJI0CKOCTbIO, POXOAsIIel yepe3 LeHTp KyOa nep-
NEeHAUKYJISIPHO OJHOW M3 ero nuaroHaiei. (Drta mioc-
KOCTb OyJieT IepeceKarh ecTb pedep Kyda B UX cepeu-
Hax.) B ceuenun Kyba He MOXeT OBITh TIPaBUJIbHBIN T1s1-
TUYTOJIbHUK, [TOCKOJIBbKY Y PaBUJIBHOTO MSATUYTOJbHHUKA
HeT IapaJjlleJIbHbIX CTOPOH, a Jo0oe cedyeHue Kyoa,
uMeroliee BUJl ISITUYroJIbHUKA, UMeeT JIBe Iaphbl 1apaJl-
JIeJIbHBIX CTOPOH.

8. Omeem: %5 . Ilycrp S — BepumHa nupamuel, A —

OllHA U3 BEpLIMH OcHOBaHus:. M3 yciaoBusd cienyer, 4To oc-
HOBAaHUEM ITMPAMUJIbI SBJISIETCS] BIIMCAHHBIM MHOTOYTOJIb-
HUK, [IpPAYEM BepLIMHA TUPaMUIbl IpoeKTupyercs B O —
LIEHTp OIIMCAaHHONM OKOJIO OCHOBaHWUSI OKpyXHOcTH. Pac-
CMOTpUM JMaMeTp SB ONHUCAaHHOW OKOJIO IHUPAMUJBI
chepnl. TpeyroibHUK SAB — npAMOYrojibHbli, SO = 4,
SO — npoekuusa SA Ha SB. 110 U3BECTHOMY CBOWCTBY
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HPSIMOYTOJILHOTO TpeyrosibHuka umeeM SB SO = SA2

Otkyna SB = %TS . Paguyc mapa paBen %5 .

a 2
9. Omeem: 1 J; Panuyc ruckomoro 1apa paBeH I10-

JIypa3HOCTU PaJMyCOB OIMCAHHOW M BIMCAHHOW cdep
TeTpasipa.

10. Omesem: 1:7. 1locKOJBKY pandyc BIMCAHHOTO
niapa Ui IpaBUWJIBHOIO TeTpas3ipa paBeH YeTBEPTU €ro
BBICOTBI, YKa3aHHAasl [JIOCKOCTb [EPIEHIUKYJISIPHA COOT-
BETCTBYIOLLEH BbICOTE U AesuT ee rnornosuaM. OobeM Ter-
pasapa 3Ta IUIOCKOCTb AEJUT B OTHOUIeHuu 1 : 7.

11. Omeem: 8 : 19. YKa3aHHasl IIJIOCKOCTb Napajulesib-
Ha OJHOW U3 rpaHeil TeTpasipa U AEJUT COOTBETCTBYIO-
e pedbpa B TOM K€ OTHOILIEHMU, B KOTOPOM JAeJATCs
CBOEHM TOUYKOW IepecedyeHrs] MeIuaHbl TpeyroJbHUKa,
T. €. B oTHowweHnn 2:1. OObeM TeTpaszpa 3Ta ILIOC-
KOCTb JIeJIUT B OTHOLIeHuu 8 : 19.

12. Ilyctb S — BepluMHa Tpexrpa”HHoro yria. Bosb-
MeM Ha ero pebpax Touku A, B u C Tak, uto SA = SB =
= SC. Ilycrb paBHbl yribsl ASB u ASC. U3 paBeHcTBa
TpeyroJbHUKOB ASB n ASC crenyer M paBeHCTBO UX
[POEKIUI Ha IJIOCKOCTh BSC, a 3T0 O3Ha4yaeT U paBeH-
CTBO IBYTPaHHBIX YIJIOB NIpu pedpax SB u SC. YTBepxk-
JI€HUE 3a/laud CJIe/lyeT TaKXe U3 TOrO, YTO IJIOCKOCTb,
IpoxoAsias yepes S neprneHaukyaspHo BC, saBusercs
IJIOCKOCTBIO cuMMeTpuu upamuibt SABC.

13. Ilycrb y TpexrpanHoro yria SABC cymma IL10-
ckux yrios ASB n ASC pasHa 180°. Ilyctb SC; — a1y,

IIPOTUBOIOJIOXHBIA Jydy SC. B TpexrpaHHOM yrie
SABC, yrael ASB u ASC,; paBHbl. CiemnoBaTelbHO

(cM. mpeabIAyIyIO 3a/1a4y), paBHbI JBYIPAHHBIC YIJIbI C
peopamu SB u SC,. 3Hauut, B yrie SABC cymma nBy-

IPaHHBIX YIJ0B ¢ pebpamu SB u SC pasHa 180°.

7
14. Omeem: arccos 4 . 3 ycioBusd cnenyer, 4ro pa-

18
IMyC OCHOBaHUs KOHyca B 6 pa3 MeHbllle obpasyrolei
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KOHYyca (JJIMHa OKPYXXHOCTA OCHOBaHUS paBHA Jyre ceK-
Topa B 60° OKPY>KHOCTH C paJluyCoM, PABHBIM JUIMHE 00~
pasyiolieil KoHyca). Yroa npu BeplMHe KOHyca paBeH

> arcsin} — arccosZ
arcsm6 = arccos 18"

15. Omeem: 2 : 1. Ilyctb M u M| — cepenunbl AB n
A B cooTrBeTcTBEHHO, £ 1 £ — TOYKM IepecedeHus
MeJIMaH COOTBETCTBYIOIMX OCHOBAaHMI Npu3Mbl. 3ajzaya
CBOJMTCS K OTBETY Ha BOIPOC: B KAKOM OTHOLIEHUU IIPsI-
Masg MC, nenut orpe3ok EE,. IIoHATHO, 4TO 3TO OTHO-
menue pasio C\E, : EM = CE: EM = 2: 1.

16. Omeem: 1 : 1. UckoMoe OTHOLIEHEe PaBHO OTHO-
nieHuo oobeMoB nupamua SBDN u SBDM. Ho o6beMsl
3TUX IMPAaMUJ] PaBHBI, IMOCKOJbKY 00beM KaxJoil co-
CTaBJISIET MOJIOBUHY O0Ob€Ma COOTBETCTBEHHO INUpaMU
SBDC v SBDA. A 3ty aBe nupaMuibl UMEIOT paBHbIE
00BbEMBI.

17. Omeem: a) %a3ﬁ; 0) ga; B) arctg%. 0) Pamgnyc

OIMCAHHOIO 1lIapa paBeH paJuyCy OKPYXHOCTH, OIIU-
CaHHOM OKOJIO MPSIMOYTOJIbHHKA €O CTOPOHaMU 2a U d
(ImaroHajpHOE ceyeHue MPU3MBI).

18. Omeem: a) f 0) arctg{; B) 60% r) m —

Sﬁ a3 A/14 ﬁ
= i s
5 X) arcsin—— Zﬁ

a2 Cripo-

a; e)

—ar 1 )
arccosz; 1

o . 1
r) [Tnomanb Kaxnoit 6OKOBOI rpaHn paBHa 5

eKTUpyeM Ha OJIHy U3 OOKOBBIX I'paHeil Bce ocTallb-
Hble I'paHu nupamunbl. Ecam ¢ — WCKOMBIN AByrpaH-

N 1, 1,
HbI yroJ, MOJNYYNM ypaBHEHHe 5a’ = 2( 54 ]cos ¢+

+ %az cos 60°+a? cos 60°, oTKyIa COS @ = —}1 . ) Pamnyc

OIMCAHHOW cdepbl paBeH pajuycy OKPY>KHOCTH, OIIU-
CaHHOM OKOJIO paBHOOEIPEHHOro TpPeyrojbHUKa, 00KO-
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Bble CTOPOHBI KOTOPOTI'O paBHbI OOKOBBIM peOpaM nupa-

J5

MU ObI ( 7 ), a4 OCHOBAaHHE pPABHO AHAroHaJli OCHOBaA-

HUs TUpaMUIbI (a +/2 ). Pammyc 3Toii OKpYKHOCTU paBeH

% a. €) Paanyc BimcanHoii cepsl paBeH pajnycy OK-

PYXHOCTH, BIIMCAHHOW B IPAaBUJbHBIA TPEYrOJbHUK CO

CTOPOHO# @ (TakuM OyneT cedeHre MUpaMubl TJIOCKO-

CTBIO, IIPOXOJIAIIENA Yepe3 BEPIIAHY ITUPAMUAILI TTEPIIeH-

JIUKYJISPHO NIBYM IPOTUBOIOJOXHBIM CTOPOHAM OCHO-
a3

BaHUs). DTOT pajnyc paBeH < k) Bynem nosab3oBaTh-

Cs1 METOZIOM, OIMCAaHHBIM B NyHKTe 4.3. /IIMHa oTpe3ka
SK (S — BepummHa nupamuabl SABCD, K — cepenuHa
AB) paBHa a. CnpoekTupyeMm ero Ha mjaockoctb SAC.
Touka K nepeiiner B K; — cepenuny OA (O — ueHTp
ocHoBaHwus1). Paccrosinne mexny nuaronaisimu BD u SK
paBHO BBICOTE, IIPOBENEHHON K runorenyse SK; B nps-

a
MOYroJbHOM TpeyrojbHuke SOK, ¢ kareramu > 3 u

j‘—{[z (SK1 = % J14 ) DTO paccTOSIHUE PaBHO a%.
SK
CUHYyC UCKOMOTO yIJla paBeH S_Kl = g

19. Omeem: a) a3§; 6) 45°% B) arctg%; r m —

—arccos%; n) a; e) %(m = 3)a. r) Ilyctb A, Bu C —
TPU cOcelHNE BepLIMHBI OCHOBaHUS MUpamuubl, O —

3

LIeHTp ocHOBaHud, M — cepenuna AC, AM = 5 @ E—
BepurHa nupamuisl. [Tockonbky M — Takxe u cepeu-

Ha BO, BM = %a. ITycrts K — npoekuus M na BE. Tak

2

KaKk ZEBO = 45°, to MK = T ZAKM paBeH 1ojosu-
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He MCKOMOro AByrpaHHoro yria (£LAKC — nuHeiHbIi
YyroJl 3TOro JABYFPAaHHOIO yrja), ero TaHIeHC paBeH
AM

WK = /6 . BemuyHa MCKOMOTO JIByrpaHHOIO yIja paB-

7

1lapa paBeH paiuycCy OKPYXHOCTH, OIMCAaHHOW OKOJIO
paBHOOEAPEHHOIO TPEYroJbHUKA C OCHOBAHUEM 2a U
BBICOTOU . DTOT TPEYrOJbHUK IPSIMOYTOJbHBIA € TUITIO-
TeHy3o0ii 2a. IckoMblii paauyc paBeH a. e) Panuyc Bnu-
CaHHOTIO 1lIapa paBeH paguycy OKPYXHOCTH, BIMCaAaHHOU

B paBHOOEIPEHHBII TPEYTONLHUK C OCHOBAHUEM @ /3 1

Ha 2arctg /6 (I/IJII/I T — arccos§ ) 1) Pamyc mckomoro

BBICOTON a. Omegem: 411 (/21 -3)a.

20. Omeem: 20./3, 1%9 u % /3. Bepuuna nupamu-
JIbl TPOEKTUPYETCsl B LIEHTP BIIMCAHHOM B OCHOBAHUE OK-

pyxHoctu. Paguyc 310l OKpykHOCTH paBeH %(5 + 12 -

—13) = 2. 3HauuT, BbICOTa NUpaMUALI paBHa 2./3. Ee

obbem 20./3. Jlns onpenenenus paauyca OMHUCAHHOTO
1rapa BOCIOJIb3yeMcsl MeToIoM KoopauHat. I1yctb Bep-
HIMHBI TaHHOH npaMuabl uMeioT koopaunathl (0; 0; 0),

(5; 0; 0), (0; 125 0), (25 2; 2.3 ). ITocKOJIBKY 1IeHTp oI~
CaHHOTO IIapa MPOEKTUPYETCS B CEPENNHY TUIIOTEHY3bI,
MbI 3HAeM TepBbIe JIBE €ro KOOPAUHATBL. [1yCcTh TpeThst
KoopauHaTa z. MTak, 1eHTp Iapa UMeeT KOOPAUHATHI

(g; 6; z). IIycre panuyc paseH R. Ham nocratodHo 3a-

25 5 ) 5V
myucath IBa ypaBHeHUs - + 36 + z2 = R4 (2 - 2) +

Q-6+ (23 2P = R Wm 425 + 2 = B3
28}1 —-4,/3z + 22 = R2 U3 511X ypaBHEHUi HaiiteM R =

= [12—9 . ,Z[JIH OIIpCACICHUA painyCa BIIMCAHHOI'O IIapa
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MOXHO BOCIIOJIb30BaTbcsl (hopMysoil U3 Teopemsl 5.6
1 .
V= grS. Ho nockospKy mniomanb npoekuuu 00KoBoi

IIOBEPXHOCT Ha OCHOBaHWE paBHa ILIOLIALM OCHOBA-
HU$, a BCe IByTPaHHbIE YIJIbl IIPU OCHOBAHUNU paBHEI 60°,
OOKOBasi IOBEPXHOCTD B JIBa pa3a 00JIblle IIJI0MALN OC-
HOBaHUs, a BCs IIOBEPXHOCTb paBHa yTPOEHHOMH oA~
IV OCHOBaHU4, T. €. paBHa 90. Paauyc BmcaHHOro 1iapa

paBeH % J3.

21. Omeem: g _18 HyCTb ABC — ocHoBa-
HUE TMpamuibl, P — BeleI/IHa, MpUYeM JIBYIPaHHbIiA

yroi ¢ peopom BC paseH 120°. BepinHa P nipoekTtupy-
eTcsl B TOUKY, PABHOY/JAJIEHHYIO OT IPSIMbIX, HA KOTOPbIX
JiexaT CTOPOHbI OCHOBaHMA. B nanHOM cirydae 310 Oyner
Touka O — LEHTP BHEBIIMCAHHOW OKPYXHOCTU Tpe-
yroiabHuka ABC, kacaouericst croponbsl BC. I1pu sTom
ABOC — napajuiesiorpaMy, a Touka O ynajieHa OT CTO-
POH OCHOBaHUS (OT COOTBETCTBYIOIIUX MPSMBIX) HA pac-

J3

CTOAHUE, paBHOE ? (3TO " €CTb paanyc BHEBIHUCaHHOU

OKPYXXHOCTH, KOTOPBII paBeH BbicoTe ocHOBaHus1). CTo-

3
27"
JUist BbIUMCIIEHMS! pajinyca OIMCAaHHOIO 1apa MOCTYIIMM
ciaenyomum obpasoM. O603HauMM uepe3 A; Iuamer-

pajJbHO POTUBOIOJIOXHYIO A TOUKY ONHACAHHON OKOJIO
ABC okpyxHoctu. IInockocte AA4 P npoxonut 4epes

LIEHTP OIMCAaHHOW OKOJIO NupaMuzbl cepbl. 3HAUWT,
paauyc MCKOMOW c(depbl paBeH paauycy OKpPYXHOC-
TH, OINMCAHHOW OKOJIO TPEYrojbHUKA AAlP HNmeem

OA JA,02 + OP?
1= 3A/§

= JAO? + OP? = [g [To TeopeMe CHHYCOB MMeeM

_ AP AP-AP /—217
~ 2sinZPAO ~  2PO

2
poHa OCHOBAaHMS paBHA 3 . O0beM nupamMuJibl paBeH 5~

Z[J'[H OIpe€nCICHNA
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paauyca BIKMCAHHOIO IlIapa MOXHO BOCIOJb30BaThCs
. 1
dbopmyiioii u3 reopemsl 5.6 1V = grS. OObeM MbI yXe Ha-

. Hanmo HaliTy nomaas NoJHOMI INOBEPXHOCTHU. ITno-

J3

1a/tb OCHOBAHMS PaBHA 5~ . Bce 60KOBbIE rpaHu paBHO-

. 2.3
BCJIUKU. HJ‘IOH_[aI[b KaKJ10H1 T . IlonHag HOBerHOCTb

B _ 1783

15 51,10 1
paBHa 9 - 3 paBC€HCTBA 77 = 37” 9 HaxoJuM r = 7

22. O603HaYMM CcOOTBeTCTBEHHO uepe3 P, K u M ce-
pemntnt AB, AC u CD. Uveem PK = 3 BC, KM = 5 AD.

I1o nepasencrBy TpeyronbHuka PM < PK + KM. Orcro-
Iia cliefyeT YTBEpXKIEeHHE 3aauH.

2
23. Omeem: il npu h < /3. Paauyc oKpyXHOCTH,

3.3
BIIUCAHHOU B poMO, paBeH % . Ho pammyc sT0ii OKpyx-

HOCTH HE IIPEBOCXOIUT ITOJIOBUHBI CTOPOHDbIL p0M6a, T. €.

3a7aya UMeeT pelleHue, eciu h < /3. Ilpu saToM ycio-
2

3%.

BUH O0BEM MUpaMu bl paB€H

24. Omeem: 1 - § . Ecimm x — paauyc uckomoro 1ia-

pPa, TO paCCTOSIHUC MECXKAY LICHTPOM 3TOIrO Hiapa v BIIM-

1 .
CaHHOTO B Ky 1Iapa paBHO 5 + x. C 1pyroii CTOpoHbl,

1
3TO paccTosHue paBHO (5 — x |./3. U3 cooTeTcTBYIO-

2
3

Iero ypaBHEHNUA HAXOAUM X = 1- 5 -

cos P

25. Omeem:
COS

. ITockoubKy nomany npoexkuun

000MX CceueHUii Ha TUNIOCKOCTh OCHOBAHUS PaBHBI MEX Y

116



co0oii (paBHBI ILIOLIATY OCHOBAHUS ), @ TJIOIIA b ITPOEK-
LIMM PaBHA IO DUTYPbI, YMHOXEHHOW Ha KOCUHYC
COOTBETCTBYIOLIEro yrja, OTHOLIEHHe IUIoMale cede-
cos P

coso.’

HUI paBHO

26. Omeem: %—{6. Panuyc mapa, BnucaHHoro B tetpa-

3/Ip, B 3 pa3a MeHbllle pacCTOsIHUS OT ero LieHTpa Jo
BepUIMHBI TeTpasapa. [loaToMy eciu r 1 X COOTBETCTBEH-
HO paJuychl BIIMCAHHOTO B TeTpad/p Liapa U UCKOMOTO

nrapa, 1o (r + x) = 3(r — x). OTKyna x = %r “2_“4/‘6

27. Omesem: %(ZOﬁ + 33). YkazaHHasi TJIOCKOCTb

IIPOXOJAUT Ha PaCCTOSIHUU %(ﬁ - 1) ot BepuMHbI Ky0a

(cuntaem, uro pedpo Kyba paBHO 1). DTa MIOCKOCTh OT-
cekaeT OT Kyba TpeyrosbHylo IUpaMuiy, Y KOTOpPOi
OIIMH TPeXTPaHHbI yroJl sIBJsieTCsl YIJIoM Kyba, a cooT-

BETCTBYIOIIME peOpa paBHbBI %(ﬁ —1)./3. O6bem oT0ii
MUpaMUIbl paBeH % (9 - 5./3). Uckomoe oOTHOIIeHMe
paBHO %(ZOﬁ + 33).

28. PaccMoTpum enrHUYHBINA Ky0. [1ycTh MeHbIINI U3

t "
OTpe3KOB JMaroHajlu paBeH —= . [Ipyroii oTpe3ok paBeH

3
4 t
3= ﬁ Torna ¢t HaxOAUTCA U3 YPABHEHUS X = 35
X
OTKyla { = T - VYka3zaHHas ILUIOCKOCTb IepeceKaeT

pedpa, BbIXos1Me U3 Oumxkaiiiieil BepiirHbl Kyoa, niu
UX MPOJOJIKEHUsI Ha PAacCTOSHUU { OT BEpUIMHBI KyOa.

1
Ecmt<1 (x <3 ), TO OTceKaeTcsl OT Kyba TpeyroJibHasi
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nupamuja, y KOTopoil Tpu pedpa, BbIXOIAIINME U3 OTHON
BEpILUMHBI, [TONapHO MepIleHIUKY/SIpHBl U paBHHI f. Ee

1 6
o0beM paBeH 6t3. OrHouleHre 00bEMOB PaBHO el 1=

3
= §(1 + %) - 1. DTOT OTBET UMEET MECTO IIPU X < l,
3 (1
ecim ke 1< ¢ < 5 (§ <x<l1 ], TO OTCEKaeMoe OT Ky0a

TEJO MOXHO IIPeJICTaBUTh KakK IUpPaMUly C Tpemsl I10-
NIapHO NepHeHIUKYJISPHbIMU peOpaMu JJIMHBL £, BBIXO-
JSUIMMY U3 OJHO BepIUIMHBI, OT KOTOPOW OTpe3aHbl TpU
PaBHBIX [MPaMUJbl TAKOTO XKe BUAA. Y 3TUX MEHBIIUX
nupaMu] INeprneHAUuKYIspHble pebpa paBHbl (1 — f).
O0BbeM oTcekaeMoro Teja (BepHee, MEHBLIETO U3 IBYX
TeJ, Ha KOTOpble Halla IUIOCKOCTh AeauT KyO) paBeH
1

1
6t3 -3 (1 -1)3. OTHOLIEHNE 0OBEMOB B 3TOM CliyUae paB-

2(1 + x)3 + 2x—-1)3-9x3

HO 9x3 - (2x—1)3

.2
29. Omeem: et ITockonpKky muiomaib MpoeKIun
3TOrO CeUeHHUsl PaBHA ILIOIAIM OCHOBAHUSI LIMJIMHAPA U

paBHa » @ YI'OJI INIOCKOCTU CE€YEHU ¢ OCHOBAHUEM pa-

o 2
BeH 45 , IJIoaab CEUEHNUA paBHa 1% .

30. Omeem: 112 (2 - J/3). Paccrosinue OT 1leHTpa BIIU-

CaHHOr'O B IIpaBUJIbHBINA TeTpa’jp liapa o ero pedpa
PaBHO IMOJIOBUHE PACCTOSIHUSI MEXIY IPOTHUBOIOIOX-
HbIMU peOpaMu 3TOro TeTpa’iapa. [jisi e IMHUYHOrO TeT-

paszipa paccTosiHMe OT LIeHTpa 10 pedpa paBHO ~- [ . Pa-
JIMYC BIIMCAHHOTO Iapa paBeH ! JZ Pamnyc unnunapa
paBeH - = [ O06beM LuiIMHIpa paBeH 2(2 J3).
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T

34" PaCCMOTpI/IM JuaroHaJbHO€ ce4ye-

HUe KyDa IUIOCKOCTBIO, IIPOXOJSLIEeH yepe3 yKazaHHOe
pebpo kyba. IlycTs oaTo 6yner ceuenne A4,C,C, A4, —

ocb KoHyca, A; — ero BepuuHa. Ilycte 4,M — obpa-

3yolasi KOHyca, NpuHaliexamas cedeHuio. [lojo-
xuM Z0A,C; = ¢ (O — ueHtp wmapa). Torma tg ¢ =

31. Omeem:

2 o N
- % *ZMAA = 90° - 29, MA = r = 1g(90° - 2¢) =
_l-tge 2,
T 2o 40T @

32. Panuyc ykaszaHHON cdepbl paBeH MOJOBUHE pac-
CTOSHMS MeXIY IPOTHUBOIIOJIOXHBIMUA pedpamu TeTpa-

2
3Jlpa, T. €. OH paBeH I = % Hama cdhepa nenurcs no-

BEPXHOCTbIO TeTpaspa Ha 4 chepruyecKux cerMeHTa Bbl-
J2

-
pPa3HOCTU MeXJly paJuycoM paccMaTpuBaeMoil cdepsl U
pazdycoM BIMCAaHHOW B TeTpasap cdepbl) U 4YeTblpe
OJIMHAKOBBIX KPHUBOJMHEWHBIX TpeyroibHuKa. IloBepx-

. 12
coTOl h = 2 g (BbICOTa KaXxaoro cerMeHTa paBHa

HOCTb KaXJIOTO CerMEeHTa paBHa 2mrh = %(3 - J3).

YToOBI HalTH MUIOWAAb ONHOIO KPUBOJUHEHHOIO Tpe-
erﬂbHI/IKa, Hala10 U3 ‘IeTBepTI/I Iromaiaun C(l)epbl BbIUYCCTh
Iiomaab OJIHOI'O C(bepI/I‘{eCKOFO CCI'MCHTaA. HOJIy‘II/IM
n(24/3-3)

24 :

33. Omeem: ia Wi = Ilycte r — pamuyc uu-

J1 N&

quujpa. [lpoeknuu Tpex pebep ¢ o0ieil BepiuHoii Ha
OCH IUJIMHIPA Ha OCh LMJIWHAPA PaBHBI MEXIY COOOI

U paBHBI .Ja?—r?. CienoBarelbHO, MO KpaifHell Mepe
IB€ M3 TpexX BepLIMH, JeXalluX Ha MOBEepPXHOCTU
LWIMHIPA, IPOEKTUPYIOTCA B OAHY TOuKy. Eciau B ox-
HY TOUKY MPOEKTUPYIOTCS TPU BEPLIMHBIL, TO Panuyc
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LUWIAHIpPAa paBeH paguycy OKPY>XHOCTH, ONUCAHHOUN

OKOJIO TpaHu Terpaszapa. To ecTtb OH paBeH % ITycrs B
OIHYy TOYKY Ha OCH IPOEKTUPYIOTCS IBE€ BEPIUMHBI TET-
pasnpa. Obo3HaunM yepe3 A, B u C BeplIMHBL, pacIio-
JIOXKEHHbIE Ha IOBEPXHOCTU LMIMHAPA, nipuyeM B u C
IIPOEKTUPYIOTC B OfHY TOuKy P. Torma B Ty Xe TOUKy
npoexktupyercs u cepeauHa BC — touxka M. Ilpu satom
MP paBHO pacCTOSTHUIO OT LIEHTPa OKPYXKHOCTHU pannyca

1
r 70 Xopabl JMHBL @. MP = |r? - Zaz. Paccmorpum

npsiMoyroJibHyto tpaneunio AMPK (K — npoexkuust A).

B oroii tpanetiuu MP = [r?2 - }laz, PK = 2./a?-r2,

AK =1, AM = ag. CrnipaBeyIMBO paBeHCTBO AM? =

= PK? + (AK — MP)?% Tloxacrasisisi HaiiJIcCHHbIE BbIpa-
KEHMSI T10CJIe OYEBUJIHBIX MPeodpa3oBaHUi, MOJYYUM

T
34. Omeem: a3§ J2. Paguyc uMnvHIpa paBeH pac-
CTOSIHUIO MEXJY YKa3aHHBIMU AUArOHAJSIMU (CM. 3a7a9y

3 B naparpade 4.3). O0beM HuIMHAPa paBeH a3g J2.

2
a
35. Omeem: —. B UCKOMOM TpEyroJIbHUKE BBICOTA,

J6

IpoBelleHHasl K CTOpOoHe A, B, paBHa pacCTOSIHUIO MeX-
ny A,B u B,C (cMm. 3agauy 3 u3 § 4.3).

36. Omeem: % . IIoHATHO, 4TO UCKOMAast OKPYXXHOCTb
KacaeTcsl CTOPOH COOTBETCTBYIOLIEr0 KPUBOJMHEHHOTO
TpeyroJibHMKa B cepejinHax o0pasytoiux ero ayr. Ilycrs
O — uenrp cdepbl, ABC — oauH U3 KPUBOJMHEH-
HBIX TPeyroJbHUKOB. PaccMoTpuM cuctemy KOopIuHar,
MTOJIOKUTENbHbIE HalpaBleHus oceil B KOTOpod OA,
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OB un OC. CepemuHa nyru AB wuMeeT KOOPAWHATHI

( R%Z : Rg .0 ) CepenuHa nyru AC nMmeeT KOOpAUHATHI

(R%Z; 0; R%Z ) Paccrosinue mexay Humu paBHO R.

CrenoBaTesbHO, CepeMHbl Iyr 00pa3yloT TPeyroJbHUK
co ctopoHoil R. Paauyc MCKOMOII OKpPYXXHOCTU paBeH
paJuycy OKpPY>KHOCTH, OIIMCAHHON OKOJIO IIPaBUJIbHOTO
TPEYroJIbHUKA CO CTOPOHOM R.

37. Ilyctb nipsimasi AB He napaJuieibHa IUIOCKOCTH O
u niepecekaer ee B touke O. Umeem OM? = OA-OB.
B srom ciyyae MCKOMOE reoMeTpUYecKOe MeCTO TO-
YeK €CTb OKPYXHOCTb ¢ LEeHTpoM B O U paruycom

JOA - OB. Ecin xe AB napajuiejabHa ILUIOCKOCTU O, TO
HCKOMOE FeOMEeTPUYECKOE MECTO SIBJISETCS IPSIMOMH, 1O
KOTOPOH ILIOCKOCTb, NepIIeHIUKYIApHasa NpAMoil AB u
NpoXoJAllas yepe3 cepeinHy AB, nepecekaeTcs C I10c-
KOCTBIO O

38. Omeem:

%A/ 2+ b2+ c2, abe

ab + bc + ca + Ja?b?+ b2a? + b2c? + c2a?

Pajuyc onucaHHoro niapa paBseH paJudycy uiapa,
OIMCAHHOI'0 OKOJIO MPSMOYIOJIBHOIO IapaJuiesenuriesia
c pebpamu a, b U ¢, T.e. paBeH MOJOBUHE NUArOHAJU

1
9TOro Napajiesienunesa: > Ja? + b% + ¢2. Jlns onpe-

IeJieHUs paauyca BIIMCAHHOTO HIapa MOXHO BOCHOJIb30-
BaTbcsl GOpMYJION TeopeMsl 5.6.

39. Omeem: % U3 teopemenl 5.8 cnenyer, 4TO OTHO-

meHve obbveMoB mwmpamun KMPQ u ABCD paBHO
KM-PQ _ 1
AB-CD ~— 15°

40. Omeem: gV. OOuias yacTb ecTb Iapajuielienu-

e, peOpa KoToporo B 3 pa3a MeHblIe OOKOBBIX pedep
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IaHHOW Mupamuzabl. B camoM nese, obluas 4acTb ecTb
HIECTUIPAHHUK, OOpa30BaHHBIA TpeMs IapaMu Iapa-
JeJIbHBIX IulockocTedt. To ecTb 5To Mapajulesienumes.
Bbicora nupamuibl sIBISIETCS JIMaroHaJIbIO Iapajljielie-
nunezna. Tpu pebpa napaienenunesna BeIXOIAT U3 Bep-
KHBl upamMunbl. Ho mockocTs, nmpoxonsiasi yepes
IIPOTUBOIIOJIOXHbBIE BEpIIMHE IMMPaMUJIbl KOHIIbI 3TUX

1
Tpex pebep, OTceKaer OT auaroHaiu 3 ot Hee. Obbem

2
MMapaJuiejielnuIiea paBeH §V

41. Omeem: eciu 0 < o < IJIOLIAAb TPOEKLIAN

2

a T
paBHa = JJcos2o; ecm = < O

T
67
<
2 6

T
Zl- , TO IUIOIaAb paB-

2

a< . .
Ha 5 sin o.. OTpe30K, COeIUHSIOINI cepeIUMHbI COOTBET-
a
CTBYIOLIMX CKpellMBalolIuXcs pedep paBeH 5 ITyctb
X ¥y — MPOEKLMHU 3TUX pedep Ha Hallly IIOCKocTb. [1po-
eKIIMSI BCero TeTpas/ipa sIBJIsieTcsl paBHOOOUHOM Tparielu-

eif ¢ OCHOBAHUSIMU X U Y M BBICOTOIA %. A TOCKOJIbKY
CKpEIMBAIOIIIECs pedpa MPaBUILHOTO TETPAdIpa U Ipsi-
Mast, IPOXOISIIIAst Y€PE3 UX CEPEUHBL, MIOMAPHO MEPIIEH-
JTUMKYJSIPHBL, X2 + y2 = a? (YIJibl, 0Opa3yeMble CKpelrBaio-
IUMUCST pebpaMU ¢ TUIOCKOCTBIO, TPOXOISIIeil yepe3 UxX
CepeMHbL, TOMOJHSIOT ApYT npyra 10 90°). BokoBbie cTo-
POHBI TO¥ TPAIENUU 1 AUATOHAJIHN SIBJISIFOTCSI TTPOEKIINSI-
MU OCTAaBIIUXCSI YeThIpeX pebep Terpasspa. Bo3mMoXHbI
nBa cinyvast 1) BokoBast cTOpoHa Tparenyy paBHa acos o.
DTO 3HAYUT, UTO HOKOBAsI CTOPOHA €CTh POEKLUs pedpa,
00pa3yIoIIero yroyi o ¢ JaHHOW TUIOCKOCThIO. TToHSTHO,

T a

U0 O 7 ( IIOCKOJIbKY COS O 2> — ] ITyctb s onpene-
2

JIeHHOCT! X 2 y. OueBUIHO TaKxke, 4To X < a. [Ipoekuus

OOKOBOI CTOPOHBI Tpamnenuyd Ha OoJiblllee OCHOBAaHUE

He OoJibllle ero MOJOBUHBL. 3HAUYMT, UMEET MECTO Hepa-
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[\S)

a

2
a T
BEHCTBO  a? cos’o < 5 + 7. Orkyna a > g - Wrax,

< o< =. Jlamee nmMmeeM

N a
-lkl?-l

IIEPBLI CJIy4ail BO3BMOXKEH, €ClId

1 o1 )
5 (x—y) = a,/cos’o — 5 (OAYPAa3HOCTH OCHOBAHMIA paB-

HOOOYHOH Tpalleuu paBHa IPOEKIMU OOKOBOW CTOpPO-

2 _ A2
HbI Ha OCHOBAHUE). (?) = %(}C2 + y?) - (xTy) =
= %az —a? cos?o, + %az = a? sin?o.. Tenepb J1eTKO HaliieM

2

as .
IIonaab IIPOEKIUM TETPasipa B 5TOM cCllydae: —= sin o.
2
2) uaronanb Tpanernyu paBHa acos o. [Ipoexius nuaro-
HQJIM Ha OCHOBAaHUE paBHA CPEIHEH JIMHUM Tpaleluu 1

1
paBHa a ,[cos?o. — 5. Ho (x + y)? > x2 + y? = a2 3Hauwr,
o 1.1
MMeeT MECTO HEPABEHCTBO ,[cos?oL = 5 > 5. OTKyna no-

Jgyuum, uro o < 7. [[nomanes Tpamnenuu B 9TOM ciydae

O\IT—!

2
L\ A
paBHa (1ocie npeoOpa3oBaHuMit) 5 ~cos2a.

3ameuwaHrnue. MOXHO ObUIO BOCIOJB30BATHCS
CNeJYIOUIUM yTBEepXIeHUEeM: CyMMa KBaJpaToB IPOeK-
UMt pebep MpaBUJIbHOTO TeTpaspa Ha MPOU3BOJIBHYIO
IIJIOCKOCTb 1IOCTOsiHHA. Eciin pebpo paBHO g, TO yKa3aH-
Hasi cyMMa paBHa 4a?. JlJoka3aTh 3TO yTBEPKIEHUE MOX-
HO clieayomuM oopazoM. CHavazia AoKaxeM, YTO cCyMmMma
KBaJ[paTOB MpPOEKIMi pebep Kyba Ha IMPOU3BOJIBHYIO
IUIOCKOCTD MOCTOSIHHA U paBHa 8b?, rie b — pebpo Kyba.
D10 caenath HeTpyAHO. Eciu a, B u Y — yribl, KOTopble
TpU MOIMAPHO TEePICHANKYJISIPHbIE pedpa Kyba obpa3sy-
I0T ¢ HEKOTOPO# IIJIOCKOCTBIO, TO € IEePIIeHIUKYJISIPOM K
3TOH MIOCKOCTU pedpa oOpa3zyoT yriasl 90° — o, 90° — B,
90° — v. 3uauur, sin? o + sin? B + sin2y =1, a cos? o +
+ cos? B + cos? y = 2. 3HauuT, CyMMa KBaJpaToB IIPOEK-
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UM MIOObIX TpeX MOoNapHO NepHeHIUKYJISpPHBIX pedep
Kyba paBHa 2b% PaccMOTpUM MpaBUIIbHBIA TeTpasiap
pedpoM a. OnutieM 0K0JI0 HEero 0ObIYHBIM 00pa3oM Ky0
(pebpa TeTpasgpa — OuaroHaiu rpaseii Kyba). Pebpo
4
2
NOMAapHO PaBHBIX MapajulejorpaMmoB. I1poekuusMu pe-
Oep Terpasapa OyayT AMArOHAIM ITUX HapaslIeIOrpaM-
MOB — JIBeé pa3jJMyHble AMAroHaau IS J000i mapbl
paBHBIX IapajuiejorpaMmoB. M3 M3BecTHON TeopeMbl
IJIAHUMETPUH, YTBEpXKIAlollleid, YTO cyMMa KBaJpaToB
IMaroHaljeii napasiejorpaMma paBHa cyMMe KBaJIpaToB
€ro CTOPOH, CJIe/lyeT Telepb, YTO CyMMa KBaJpaToB IPoO-
eKLMii pebep Halllero TeTpasipa paBHa CyMMe KBaJpa-
TOB MPOEKIHI OMICAaHHOTO Kyba, T. e. paBHa 4a’ Bep-
HeMcsl K Haluel 3ajade. M3 JoKa3aHHOTO yTBEpXKJIeHuUs
clieflyeT, 4To y paBHOOOYHON Tpamneuuu, sBIsioleics
IIpPOEKLIMeH TeTpaspa, cyMMa KBaJpaToB OOKOBOM CTO-

Kyba paBHO — . ITpoekuusmu rpaHeii Kyba siBJISIIOTCS 6

3
POHBI 1 TMAroHaJI paBHa 5 a?. CJ'IBI[OBaTeJ'IbHO, KBaJpart

. 3
OOKOBOI CTOPOHBI HE TPEBOCXOIUT Zaz (HaHOMHI/IM,

1
YTO OH HEC MCHbLIIC 4YEM §d2 ), a KBaJIpaT JHUAroHaJin HE

3
MEHbLIE Zaz (a cama oHa He OoJblie a). Takum obpa-

30M, p86p0, COOTBCTCTBYIOIICC 0OKOBOIA CTOpPOHE Tpalie-

T T
LMK, MOXXET 00pasoBBIBATb YrOJl OT ¢ 10 7, a pebpo, co-

T
OTBETCTBYIOLIEE NUArOHaJIU, — YI'OJl OT 0 mo 6 . I[a)'[b]l[e
TaK XK€, KaK 1 B TaHHOM pC€IIE€HNU.

42. Omeem: Takas nupamMuaa HeBO3MOXHa. Jlokaxem
at10. JlocTpouM ee 10 napaJiieenuresa, IpoBels Yepes
IIPOTUBOIIOJIOXHbBIE pebpa mapel MapalesbHbIX III0C-
Kocteit (cM. §4.6). IlonyuuBluuiicss mnapasuiefenumnen
Oyzer npsMoyroyibHbIM. JlnaroHaiau ero rpaHeil paBHbI
3,4u5. Ecnu a, b u ¢ — ero pebpa (B nopsiike Bozpac-
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Tauus), 10 a’> + b> =9, a> + ¢2 = 16, b> + ¢ = 25. Cyo-
JKMM I1epBble JiBa paBeHCTBa U BbluTeM TpeTbe. [losnyuum
a=20

Bmopoe peuienue. MOXHO BOCHOJIb30BaTbCs TEM
(dakTOM, UTO BCe IPaHM PaBHOIPAHHOTO TeTpasjpa (a y
HaNIero TeTpa’jipa BCe I'PaHU paBHbIC TPEYTOJbHUKH)
SIBJISIIOTCSI OCTPOYTOJIbHBIMU TPEYTroJIbHUKaMu. DTO clle-
JyeT 13 TOro, 4TO ILUIOCKUE YIJIbI IIPY KaXKJ0i BeplIMHe
PaBHOI'PAHHOI'O TeTpa’/ipa PaBHbl COOTBETCTBYIOIIUM
yriaM rpanu. Ho cymMMa IByX IIJIOCKMX YIJIOB TpeXrpaH-
HOro yriia Oouibuie Tperbero. CiieJloBaTesIbHO, CyMMa
JIBYX YIJIOB OJIHOM rpaHu Gouibliie TpeThero yria. To ectb
3TOT TPEYrOJbHUK — OCTPOYI'OJIbHBIN.

43. Omeem: arcsin (0,8 sin o) u arcsin (0,6 sin o). BbI-
COTa, OIylLUeHHasl Ha FMIOTeHY3Y, B JaHHOM TpeyroJjb-
HUKe paBHa 2,4. PaccTosiHMe OT BepIUIMHEI IPSMOTO yria
JI0 TIJIOCKOCTU p paBHO 2,4 sin o.. IcKOMbIe yrilbl paBHbI
arcsin (0,8 sin o) u arcsin (0,6 sin o).

1 . .
44. Omeem: arccosz . Cymma momazneit npoexkuui

OOKOBBIX FpaHefI Ha OCHOBAaHHUE paBHa IJIOIIAAU OCHOBA-
Husl. ITo u3BecTHOM TEOPEME O TIoIIaaN ITPOECKIINU Cpa-

. 1
3y IIoJIy4a€M, 4YTO UICKOMBIN YI'OJ paBE€H arc0056 .

45. Eciv O — UeHTp NpAMOYIroJIbHUKA, TO I10 (hopMy-
Jile JUIMHBl MeIuaHbl 11 TpeyrojibHukos AMC v BMD
umeeM 4MO? = 2(MA* + MC?) - AC? 4MO? =
= 2(MB? + MD?) - BD> Ho AC = BD. CiefioBateiibHO,
MA? + MC? = MB? + MD>.

46. Omeem: 12. YuutbiBasg yTBepXKAeHUE IpPeIbINy-
el 3azadu, MOJIYYMM, YTO PacCTOSIHUME OT 3alaHHOU
TOYKU JI0 YETBEPTON BEPIIMHDBI [IPSIMOYTOJIbHUKA PABHO
0. 3HauuT, yKazaHHas TOYKA COBHAJaeT ¢ 3TOM BeplIu-
HOI, CTOPOHBI NPSIMOYIOJbHUKA paBHbl 3 U 4. Ero mio-
maab 12.

47. Omeem: % ITycte AM = x. PaccMoTpuM Tpeyroiib-
Hyto upamuny AKMA,. O0bem 3TOi NUpaMuabl paBeH
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X
18"
MUpaMUIIbl U IPOAOJKEHUI TPeX IpYrux rpaHeii (BHEBIIN-
caHHblii map). [Tnomany Tpex rpaneii ¢ o0Ieii BepImHoni

[ITap, BnucaHHbI B Ky0, KacaeTcsi OOHOM IPaHU 3TOU

X X o
g-3 Mg [Tnomans ocraBiueiics rpaHyu paBHA

(cm. 3amauy 20, 1. 2 § 1.7) /3% + % + % = % J1 + 10x2.

Ecau Mbl coequanM HCHTP BIIMCAHHOI'O B Ky6 1rapa € B€p-
IIMHAMM Halllen MUpaMUbl, TO IMOJIYIUM YETHIPE IMPpaAMU-
Ipl. OgHOM I'PaHbIO KaXXJI0Uu 13 MMUpaMun SABJSIETCA I'PpaHb
UCXOHOMU nrupaMujibl, a BbICOTA K 3TOU I'paHU paBHa4 pa-

A paBHbI !

1 .
Jycy mapa, T. €. paBHa 5. O0beM JJaHHO TUpaMUIIbI CO-

cTaBysieTcsi U3 00bEeMOB YKa3aHHBIX TUpaMul (CyMMa 00~
€MOB Tpex MHUHYyc 00beM yeTBepToil). [Tonyyaem ypaBHe-

1 1/1 X x 1 5) _ X
HME 3 §(6+§+6 6A/1+1Ox ]—18.H33T01“O

. 2
YPaBHEHUA HAUJEM X = 3 .

Bmopoe peutenue. BosbmeM Ha pedpax BB, u AB to4-

2
ku K| u M, cOOTBETCTBEHHO Tak, uT0 BK, = AM, = 3

Paccmorpum nosopot Bokpyr amaroHaau CA;, nepeso-
namumii K B K. OTOT oBopoT nepesoaur M, B Touky M’

2 .
Takyt, 4yro AM' = 3 C Ipyroéi CTOpOHBI, MJIOCKOCTD

rpanu Ky6a AA,BB nocje noBopoTa rnepeiner B miIoc-

kKoctb AKM'. CnenoBarelibHo, 1uiockoctb AKM' kacaert-
sl BOMCaHHOIO B Ky0 mapa u Touka M’ coBnanaet ¢ M.

48. ITyHKT a) moKa3bIBaeTCsi TOUYHO TaK Xe, KaK U COOT-
BETCTBYIOIIAs TeOpeMa U3 Kypca IIJIJaHUMETPUU O CBOWCT-
B€ OIKCAHHOIO YeThIpexyrojibHMKa. Bece cienyer u3 pa-
BEHCTBA KacaTeJIbHbIX K 1Iapy, BbIXOJSIINUX U3 OJHOR TOY-
ku. [lokaxem nyHKT 6). O603HaUMM TOUKU KacaHUsI Iapa
¢ pebpamu AB, BC, CD u DA teTpaspa COOTBETCTBEHHO
yepe3 K, L, M u N. IIpoBejieM 110CKOCTb uyepe3 TOUKH K,
L, M v 0603HaunM uepe3 N' ee TOUKY MepeceyeHus ¢ peod-

126



poMm DA, a uepe3 A, B, C'u D' npoekunu A, B, C u D Ha
wiockoctb KILM. HaMm Hazmo mokasaTth, 4To TOUKU N u N
coBrnanaoT. Ilyctb KacareabHble u3 Touek A, B, C u D

’

AA
K IIapy paBHBI COOTBETCTBEHHO 4, b, ¢ nd. IMeeM L7 =
_a BB _b CC
~ b’ CC” T ¢’ DD’
A a AA” AN AN _ a

c
= 6_1 . HepeMHO)KaH 9TU paBE€HCTBA,

NONYYUM Fps = 5. Ho DD’ ~ DN’ DN — 4 Cneno-
BaTeJibHO, Touku N u N' coBOagaoT.
49. Omeem: { O603nauum cepenuny B,C, uepe3 K.

BBenem cucremy KoopauHar ¢ HavyaJoM B BepliuHe B,
B3s1B B KauecTBe ocell 1yun BA, BC u BB| cOOTBETCTBEH-

Ho. Ilycte O — nentp nckomoro mapa. I1ockoseKy 1mpo-
eKLus LleHTpa Ha AB ecTb cepennHa AB, riepsast Koopau-

1
HaTa TOYKN O paBHa 5 . UToObI HAHTH BTOPYIO KOOpAMHA-

Ty, CIIPOGKTHpYEM LIeHTp cHauasia Ha otpe3ok KC; (310
Oyzner cepenuna KC,), a 3aTeM 3Ty TOUKY CIIDOEKTHpYeM

3
Ha BC. Utak, BTropast KoopiMHara paBHa 7 . Ilyctb Tperbs

KOOpAMHATa LIeHTpa UCKOMOTIO 11apa z, R — ero paauyc.
3anuiuem aBa ypaBHEHHUs, UCXOMs U3 TOIO, YTO PaccTosi-
Hust ot O jo touek B u C(0; 1; 1) paBubl R. Ilonyunm
1 9 1

1 +E +z2—R21/1— + = 1 -|-(Z—1)2—R2 Bbrauras

YpaBHEHU, CHa4Yalla HaliieM z, a 3aTeM U R=—f.

50. Omeem: 1: 3. Crpoexk- A, D
TUpYyeM [apajuiesienurie]] Ha !
IJIOCKOCTDh, TepHeHIUKYJIsIp- ‘ D
nyio AC,. Ilpu sTtom Touku A
u C, cripoekTupylotest B ony — Bi @
TOuKy. Takxke B OJHY TOUKY P

CIIPOEKTUPYIOTCS TOUYKM K U
M. To ecTb Ha NpPOEKLUU 3TU Puc. 24
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TOYKHM COBHIAAYT ¢ TOuKoi mnepeceuenus AB u B,C
(TouHee ux npoexkuui, puc. 24). Ha pucynke 4,C u BB
napamieibHsl U A,C = 2B, B. CinenoBaTeiabHO, TOUKUA K
u M nenar A\B u CB, B otHouieHuu 2 : 1. Paccmorpum
IJIOCKOCTD, Mpoxoxsauylo 4epes npsambie AC, n KM.
ITyctb oTa miockocTs nepecekaer BB, B Touke P. Umeem
by _ B 1 . CiiegoBaresbHO MR _ oM _ |

MC, ~— MC »4AC, ~ PC, _ 3°

51. Omeem: mritgo. IlpoBeneM IJIOCKOCTb, Mapali-
JIeJIbHYIO OCHOBAHMSIM ITUJIMHJIPA, HA PACCTOSIHUU 2rtg o
OT HMKHETO OCHOBaHMS. DTa IJIOCKOCTh OTCEYET OT Ha-
HIEro MWIMHAPA HUJIUHIP ¢ TAKUMU XK€ OCHOBAHUSIMU U
BbIcOTOM 2rtg a. [1nockocTh, ykazaHHasi B yCJIOBUM, Je-
JIUT TOT HUIAMHAP nonoiaM. OTCIo1a HAXOJUM OTBET.

52. Omeem: /65 + 122 wm 35 + 12./2. Nmeem

—_— = =
AD? = (AB +BC + CD )% PackpbiBast CKOOKH I10 I1pa-
BIUTy BO3BEIECHHS B KBaJIpaT CyMMBI BEKTOPOB U YUHTHI-

— =
Bas, YTO yroy Mexny Bekropamu AB u CD paBeH 1ubo
60°, 60 120° (yriipl MEXy IPYrUMHU [TapaMyi BEKTOPOB
YKa3aHbl B YCJIOBHHU), NIOJYYUM [IB€ BO3ZMOXHOCTU (IBa

otBeta): AD = /65 + 12./2 wimu AD = 35 + 12./2.

53. Paccmorpum Kyo ABCDAB,C\D,. BozbmeM TeT-

pasznp, oaHO pedbpo Kortoporo cosmnanaer ¢ AB. Ilo-
CKOJIBKY pacCcTOsIHME MEXJy LEHTPOM Kyba u ero ped-
POM PaBHO PACCTOSIHUIO MEXJy IPOTUBOIIOJOXHBIMU
pebpamu npaBUIILHOIO TeTpasjipa ¢ pedopom AB, terpa-
31p, ONKCAHHBIA B YCJIOBHU, B CaMOM JeJie SBJIAETCS
npaBwibHbIM. [1ycTh O — 1ieHTp Kyba. YKa3aHHBIA TeT-
pasIp He BBIXOIUT 3a MpeHeJibl ABYX YEThIPEeXyTOIbHbIX
nmpamun: OABBA; 1 OABCD. To4HO TaK Xe IOCTpO-

UM TETPasIpbl, COOTBETCTBYIOIIME pedbpam CCy u D A,.

PaCCMOTpeB IJI KaXA0TO U3 HUX COOTBETCTBYIOMIYIO ITa-
PY YETBIPEXYTOJIbHBIX ITUPpaMU I, YBUIUM, YTO 3TU TETpa-
SIPbl HE IMEPECEKAIOTCS, IMOCKOJIbKY HE II€PECEKAIOTCH
YKa3aHHbIC IMPpAMUBI.
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54. Ilyctb pebpo kyb6a paBHO 1. Crnpoexktupyem
Ky0 Ha IIOCKOCTb, MEepPIIEeHIUKY/ISPHYIO €ro AMaroHau.
B npoekuyy nosyyuM NpaBUJIBHBINA IIECTUYTOJbHHUK CO

L2
CTOpOHOU /\/; (MeHbH_[I/Ie JAUAroHaJii 9Toro mecrtuyrojib-

HUKA paBHbI JMArOHANAM TpaHeii Ky6a, T. €. paBHbI /2 ).
PaccMoTpuM eIMHMYHBIN KBajipaT C LIEHTPOM B LIEHTpe
mecTuyroipHuka. IToCKONBKY TMOJOBMHA JMaroHalu

2
9TOI'0 KBaJlpaTa paBHa % U paBHa pacCTOSIHUIO OT

LIEHTpa IIeCTUYroJIbHUKA JI0 €ro CTOPOH (10 cepelnuH
CTOPOH), 3TOT KBaJpaT MOXeT ObITb LIeJIUKOM pacloio-
JKE€H BHYTPU LIECTUYrOJbHUKA. 11 3TOro JocTaTovHo,
YTOOBI HM OJIHA U3 €r0 BEepLIUH He COBIIajajla ¢ Cepeu-
HOI CTOpPOHBI IIECTUYTOJbHUKA. DTO MOXHO CHENATh.
Teneppb HpojeaeM B HallleM KyOe oTBepCcTue, COOTBET-
cTByIolLllee 5ToMy KBazapaTy. IIoHATHO, 4TO Yepes Hero
MOXeT MPOUTU €TUHUYHBIA KYO.

55. Omeem: 4n_R3 Ecmu r
3.3

a h — ero BbIcOTa, TO 412 + h? = 4R%. O0beM HUIMHIpPA

paBen V' = 12h. Takum 06pa3oM, HaM HaIO HAWUTH Ha-

ubosblliee 3HaUYeHUe HYHKIMU y = r2h WK y? = r*h? ipu

ycaoBum, uto 42 + h? = 4R Otkyna h? = 4(R? - r?).

IMocne 3amennl 2 = R2x 3agada CBOXUTCSA K OIpe-

neienunio Makcumyma byukiun x2(1 — x) npu yciaosum
0<x<1.

panuMyc UWIMHIPA,

56. Omeem: w

nunena x, y uz, rtne x + y = 6, x + z = 8 (nepu-
meTphl rpaneit). Torma ero oobeM paBeH: V = xyz =
= x(6 — x) (8 — x). HaubosnpIee 3Hauenne oobema (Mak-

14 -./52
—.

. Ilycrp pebpa napaiieine-

CUMyM (DYHKIIMH) JTOCTUTACTCS TIPU X =

57. Cymma J1100BbIX JIBYX BEKTOPOB €CTh BEKTOP IIPOTH-
BOIIOJIOXKHO HaIlpaBJI€HHBI CyMMe ABYX APYTUX U paB-
HBII eMy IO JIJIMHe (KaXIas U3 3TUX CYMM €CTb yJIBOEH-
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HbIif BEKTOp C HayaJloM B LIEHTPe U KOHIIOM B cepeiuHe
COOTBETCTBYIOIIEro pebpa).

58. YTBepxkaeHre MOXHO I0Ka3aThb, UCXOAd U3 pU3U-
yeckux coobpaxenuit. IlpenacraBum cebe cocyn B Buje
paccMaTprBaeMoro MHororpaHHuka. HamoiaHuwm ero ra-
30M. JlaBjieHue Ha KaXAylO0 CTEHKY cOoCyJa IpONopLu-
OHAJIbHO IJIONIa ¥ IOBEPXHOCTU COOTBETCTBYIOIIEH Ipa-
HU U HAIPaBJCHO MO MNEPHEHIUKYJAPY K ITOW I'PaHMU.
Ecnu 6bI cyMMa 3THX BEKTOPOB He ObLIa paBHA HYJIO, TO
Ha cocyll JieficTBoBasla Obl HeKasl CWia, MOJ JeiHCTBAEM
KOTOPOIi cocyn Haval Obl epeMerniaThesl (eciu, KoHeu-
HO, Ta3 BHYTPM HEro HaxoJuJcs Obl MOJ JOCTATOYHO
OOJIbIIMM TaBJICHUEM ).

MoxHo 1 He nipuberaTh K GU3NIECKUM COOOpaXKeHU-
M. JlokaxeMm cHavajsa, 4To JUIsl JII0OOro TpeyrojbHUKa
CyMMa BEKTOPOB, IepIIeH AUKYJIIPHBIX €r0 CTOPOHaM, paB-
HBIX MM I10 JUIMHE U HAIIPABJIEHHbIX BO BHEIIHIOK CTOPO-
Hy, paBHa HyJI0. B caMoM neje, pacCMOTPUM TpU TaKHUX
BekTopa. [ToBepHeM Kax/iblii 13 HuX Ha 90° B 0j1HY CTOpPO-
HY (Hampumep, Mo 4acoBoii cTpenke). Torma cymma Bek-
TOPOB JIOJKHA TaKKe IMOoBepHYThCs Ha 90°, a ¢ aipyroii cTo-
POHBIL, OHAa CTaHET paBHOM HyJIO. Tak, BcmoMoraTteabHOe
yTBEpKIEeHue J1I0Ka3aHo. Ternepb HETPYAHO AOKa3aTh yT-
BEpXIEHUe 3alaud JJis JI00OW TpeyrojabHOU MpPU3MBIL.
Benb n1Ba BeKTOpa, COOTBETCTBYIOIIMX OCHOBAHUSIM T1PU3-
MBI, PaBHBI IO JJIMHE U MPOTUBOMOJOXHO HallpaBJeHbl.
Hx cymMa paBHa HyJ10. A JUISl OCTaJIbHBIX TPEX BEKTOPOB
MOXHO BOCIOJIb30BAaTbCSl TOJBKO YTO JNOKa3aHHBIM YT-
BepXKIIeHUEM JUISl TpeyrosibHUKa. (BeKTOpbI, epreHyKy-
JIsSIpHble OOKOBBIM TPaHsIM, MO JJIMHE MTPONOPLMOHAIBHBI
peOpy rpanu, JexarieMy B OCHOBaHuMU. ) JJokaxkeM Ternepb
Hallle YTBepKIeHue I TpeyrojJbHoi nupamusl. Paspe-
K€M TPEyroJIbHYIO IMPaMuy Ha JIBE IIPU3MbI U JIBE B /1B
pasa MeHbIIMEe TPEYroJbHbIC ITMPaMU/Ibl, KaK MbI 3TO JIe-
JlaJId 1pM BbiBoze OpMyJbl 0O0beMa TPeyroJbHOU nmupa-
mub (TeopeMa 5.4). [l KaXioro u3 9TuX MHOTOrpaHHU-
KOB [OCTPOMM YKa3aHHYIO CyMMY BeKTOpoB. HeTpyaHo
BUJIETh, YTO 3Ta CyMMa paBHa CYMME BEKTOPOB JUIS UC-
XOIOHOTrO TeTpa’apa. Belob Bce BEKTOpBI, COOTBETCTBYIO-
1Me TpaHsiM, JIeXalluM BHYTPU, B3AUMHO YHUUTOXKATCS.
C npyroii CTOpOHBI, BCE CYMMBI, COOTBETCTBYIOLLNE [TPU3-
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MaM, PaBHBI HYJTIO. A JJIs1 KaXA0H NUpaMUIbl COOTBETCT-
BYIOIlIasi CyMMa JIacT BEKTOp, B 4 pa3a MeHbLIMii, 4eM
JUISL UCXOJTHOM nupamuibl. OKa3anoch, YTO CyMMa BEKTO-
pOB IJIs1 BCeil MUpaMuUibl paBHA MOJOBUHE TOH CyMMBI.
DTO BO3MOXKHO JIMILB [IPU YCJIOBUH, YTO 3Ta CyMMa paBHa
HYJIIO.

JUist 3aBeplueHMSI JOKa3aTe/IbcTBa OCTaeTCsl 3aMme-
TUTb, YTO JIIOOOW MHOIOrpaHHUK MOXHO paspe3aTb Ha
TpeyroJibHble MMPaMUAbI TaK, YTO UX BHYTPEHHUE I'PaHU
SIBJISIIOTCS TPAHSAMM JIBYX [TUPAMMUJL.

59. Omeem: yetnipe. I1ycTb 00 — OCTpBIH yroJ Takoi,
. 1
uto sin o = 7= . M3 ycioBus 1o Teopeme CHHYCOB ClIely-

eT, UTO IJIOCKUIl Yroj Mpu BeplUiMHe MUpaMUIbl paBeH
Jmbo o, 160 180° — a. Jlokaxem, uto 60° < o < 72°. U3
9TOro OyJET cie0BaTh, YTO BCEro NUPaMUl, YIOBICTBO-
PSIOLLMX YCIOBUIO 3a/lauu, OyaeT 4: iBe TpeyrojbHble C
iockuMu yriaamu o 1 180° — o, ofHa YeTblpeXyrojabHasl
Y OJIHA MSTUYTOJbHAs.

Jlnst mokaszaTesbCcTBa JIeBOM YacTUM HepaBeHCTBa J10-

CTaTOYHO POBEPUTH, UTO g < }—g BosBoust 310 Hepa-

BEHCTBO B KBaJpar, 1nojyuum 675 < 676. Jlokaxem BTO-
poe HepaBeHCTBO. MOXHO BOCIIOJIb30BaTbCS TEM, UTO
TPUrOHOMeTpUUecKue (PyHKLUNU yriaa B 72° BBIYACIAIOT-
csi. Ho 1ipy 3TOM BO3HMKAIOT OY€Hb I'POMO3JIKME BbIUKC-
aeHus. Ilocrynum nHade. Bosbmem Ha rpaduke QyHK-
MU y = sin x (apryMeHT OepeM B rpalycHO Mepe) Tou-
ku A u B, coorBeTcTByIomuMe aprymentam B 60° u 90°.
CoenvHUM 3TU TOYKM OTPE3KOM AB. DTOT OTPE30K Lie-
JIMKOM IPOXOIHUT IT0J, HamM rpadgukoM. CrnenoBaTeb-
HO, 3Ha4Y€HMe OPJMHATHI TOUKM Ha 3TOM OTpe3Ke, COOT-
BeTCTBYIolee abcuucce B 72°, MeHblIe CHHYca 3TOrO
yriaa. OTKUHYB 7151 yA0OcTBa 3HaK (°), rmojyyaeM 3aaa-
" " /3
4y: Ha IIPSAMOMH, IIPOXOAALIENA Yyepe3 TOUKU A(T; 60) u
B(1; 90) naiitu opnuHaty Touku ¢ abeuuccoii B 72. OHa
Jerko Haxoaures. M 3agava cBOAUTCS K ITpOBEPKe 11poc-

3J3+4 _ 13

TOI'O HEPAaBEHCTBA 10 15°

131



1
60. Omeem: arctg—_. O6o3Haunm uepes M u K
sin=
2
TOYKM KAaCaHUSI OKPYKHOCTH, BIIMCAHHOH B TPEyroJb-
HUK ACD co cropoHamMu AC u AD cOOTBETCTBEHHO,

AK = AM = %AC. W3 ycioBus cienyer, 4to Mpoek-

g BeplIMHbBl B Ha 1uiockoctb ACD coBnanmaer c
LeHTpoM BrmcaHHoi B ACD oxkpyxHoctu. Crienosa-
TeJbHO, BK = BM, a takxe BK v BM nepneHaukyJsp-
HbI COOTBETCTBEHHO AD n AC. A NOCKOJIbKY TPEYroJib-
HUK ABD npsMOYTroJIbHBIN C IPSAMbBIM YIJIOM IIpU BEp-

mumHe B, /BDK = /KBA = Z/MBA = %. O003HaYNM

yepe3 ¢ MCKoMble AByrpaHHble yribl. Mmeem ctg ¢ =
_BM _ BK _ . «
= BD ~ BD ~ Sy

61. Omeem: %, %, 1, %, %, %, 3. PaccmoTpuM 3anauy
B obOmem Buze. BosbmeMm TpeyroibHyl0 NHMpaMuuy,
00beM KOTOpO# paBeH V, a miomanuy rpateit Sy, S,, S5 u
S,. UeTbIpe IIOCKOCTH, COAepKallye IPaHy 3TOU Mupa-
MUIBL, 1eJaAT npocTpaHcTBO Ha 1 + 4 + 6 = 11 uacrei,
IpaHULIAMU KaXJIOW U3 KOTOPBIX SBJISIIOTCS BCE IIIIOCKOC-
TYU IpaHell IupamMuibl. 3TO COOTBETCTBEHHO OJIHA YaCTb,
COCTOALAs U3 BHYTPEHHUX TOYEK IUPAMHUIbI, YETbIpE
4acTU, OTPaHUYEHHbIE OJHOM IPaHbIO U MPOLOJIKEHNUs-
MU TpeX IPYrux, ¥ 6 yacTei, puiexanyx K pedpam 1nu-
paMuJibl U OTPaHUYEHHBIX IIPOJOJDKEHUSMU BCEX IpaHeit
nmpamuiel. (EcTb elne yeTsipe 4acT IpocTpaHCTBa pH
BepIIMHAX NUPaMUJIbL, KaXJasi U3 KOTOPbIX OrpaHUyYEeHa
IIPOJOJKEHUAMHY TPEX IPaHel MMpaMubl, HO INIOCKOCTb
4eTBepTOM IpaHU He fABJfAeTcs ee rpaHuueill.) BrucaH-
HbIi B IMpaMujy LIap COOTBETCTBYET nepBoid yactu. OH
BCEra CyLIECTBYET, U ero painyc HaXOAUTCA 110 U3BECT-
Hoit popmyse 3V = r(S; + S, + S5 + §,). CymecrBytor
TaKXKe YeTbIpe 1l1apa, COOTBETCTBYIOIINE KaXIOU U3 de-
ThIPEX YacTel BTOPOro tuma. OTO TaK Ha3blBaeMble BHE-
BIIMCaHHbIE Wapbl. [IIs JOKa3aTeJbCTBa CYLIECTBOBAHU S
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3TUX IIAPOB MOXHO ITOCTYIIUTb, HAIIpPUMeEp, CJAEAYIOIINM
oOpa3oM. PaccMOTpuM TpexrpaHHBIA Yros, COOTBETCT-
BYIOIIMI KaKO-TO BeplIvHe IupaMujibl. Briviem B He-
ro niap MajeHbKoro pasmepa. HauHnem yBesnuuBarh pa-
IMYC 3TOro mapa. B Kakoi-To MOMEHT 3TOT L1ap KOCHET-
cAd TNPOTUBOIIOJIOXHOU rpaHu. llonyunMm BIMCaHHBIN
niap. byseM npojoikaTh yBeJMuMBaTh pajidyc liapa.
OH Oyzer nepecekaTb NPOTUBOIIOJIOXHYIO pacCMaTpu-
BaeMOM BeplllMHe IpaHb. 3aTeM HACTYIIUT MOMEHT, KOrJia
OH 3TOW IpaHU KOCHeTCA BHOBb. lloyunM BHeBIMCaH-
HbII map. JUid BblYKACIeHU pagryca 3TOTo Iapa Coelu-
HUM ero LEeHTp cO BceMU BeplimHamu nupamuibl. [lomy-
YUM YeTbIpe TMPaMU/JIbl C OOIIMM LIEHTPOM B LIEHTpE 11a-
pa. HMXx BbICOTBI, oOmylleHHble K3 OOILlIel BepLIMHE,
paBHBI paauycy uckomoro mapa. [lnomann coorsercr-
BYIOIIIMX OCHOBaHUI paBHbI IUIOHIQ/151M TpaHeid. M3 aTux
YyeThlpeX MMpaMujl MOKHO COCTaBUThb MUCXOJHYIO, 00b-
€IMHUB TPpU (MIOHATHO KaKue) U OTOPOCUB TOUKH, BXOJI S~
e B 4eTBepTylo. I1oayunB COOTBETCTBYIOIIME paBeH-
cTBa JUIsi 00beMa MCXOJIHON NUpaMu/ibl, HaiineM paju-
ycbl BHeBIIMCaHHBIX Hiapos. Hanpumep, paauyc mapa,
Kacalolllerocss 4eTBepTOd IpaHU M NPOIOJIKEHUN Tpex
IPYTuX, MOXeT ObITh HaliIeH U3 (pOpMyJIbl

3V =r,(5;+S,+85;-85,).

ITocmoTpuM, CyLIECTBYIOT JM IHApbl, COOTBETCT-
BYIOLIKE IIECTH MOCIeIHUM obaacTaM. Paccmorpum 006-
JIacThb, MpUJIETAIOIIYIO K 00lIeMy pebpy IOBYX IOCHEN-
HUX rpaHedl. (Ero ueHTp BHYTpM JABYrpaHHOIO yrja,
OIlpeNesieMOro rpaHsMu S; U S,, U BHe yIja, 3aja-
BaeMoro rpassimu S; u S,.) Eciu Obl BHyTpH 2TOM 00-

JaCTU CyHIECTBOBaJI 1Iap, KACAIOLUICSA BeeX IIOCKUX
KYCKOB, O'PAaHUYMBAIOLINUX 3Ty 00JIacTb, TO, paccMaTpu-
Basi YeTblpe TPEyroJibHble NMUPaMUIbl ¢ BEpIIMHAMU B
LIEHTPE 3TOrO 11apa U BepLIMHAX UCXOJHOHN NUpaMUIbL,
MBI Ipunum Ovl K paBeHCTBY 3V = q(S1+ S, - S5 - S,)
(*), rme ¢ — pammyc artoro mapa. IlonsitHo, 4TO Ta-
KO€ paBEHCTBO BO3MOXHO, ecau Sy + 5, — 53—, > 0.
Bepno u obparHoe yrBepxienue: ecim S; + S, — S5 —
-8, > 0, To Tako#l wap cyuecrsyer. B camom neie,
paccMOTpHUM YKa3aHHYIO 00J1acTb U BIALIEM B OIUH U3
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IBYX €€ TPeXI'PaHHbIX YIJIOB IIAp pajuyca ¢, 3aaBaeMo-
ro paseHcTBoM (*). Eciau paccTosiHue 10 4eTBepTOro
IJIOCKOTO KyCKa, OTPaHUYMBAIOLIEro 3Ty 00JacThb, paB-
HO X, TO, COEIVHUB LIEHTP 3TOro Iapa ¢ BEpIIMHAMMU
NMpaMUIbl ¥ pacCMaTpUBas YeThIpe MOy YUMBLIMECS U~
paMUbl, Mbl IPULLLIKA OBl K paBeHCTBY 3V = (S, + S, -

—-S;) — xS,. CpaBHUBasA 3TO PaBEHCTBO C PABEHCTBOM

(*), monyuum x = g. Wtak, map, cOOTBETCTBYIOLIUI
yKasaHHOW oOJactu, cymecTsyer, ecad S; + S, — S5 —
-8, > 0. Ho rorpa He cyuiectsyer 11apa, COOTBETCT-
BYIOIIIEr0 IIPOTUBOINOJIOXHON obsactu. Otciojia Bbl-
BOJI: ecld CyMMa IUlolajiei JByX rpaHeil He paBHa
CymMMe IUIOLajiel JABYX JIPYIMX IpaHeid, TO CYyIlecTBY-
er I1ap, Kacaloluuics MPOAOJIKEHUN BcexX IpaHei Iu-
paMu/ibl C HEHTPOM BHYTPH JIBYITPAHHOTO yIJla, 3a/1aBae-
MOro rpaHsiMu c OoJblieit cymmoil. Ecium xe cym-
Ma IUIoMaZed ABYX rpaHeil paBHa CyMMe Iulolnajnei
IBYX IPYrUMX IpaHeid, TO He CyIllecTBYeT llapa, Kacao-
nierocsl NpoAOJKEeHUN rpaHeil MUpaMuAbl ¢ LEHTPOM
BHYTPH IIBYX COOTBETCTBYIOIIUX OOJIaCcTel TPEThero TU-
na. Takum oOpa3oM, IapoB TPeThero TUNa MoxeT OBbITh
ot 0 o 3.

B namewm caywae V' =1, 8, =1, 5, =15, §; = 3,
S, = 3,5. Kak Bunum, S + S, = S, + §5. Cnenosareb-
HO, COOTBETCTBYIOIIMI ILIap He CyIlecTBYeT M 3alaya
umeer 7 peunieHnil. CoOTBETCTBYIOIIME PaJMyChl PaBHBI
1 3 1 3 3
3.3 15,5,37,3

3
62. Omeem: M. Paccmor-
A 12
- z pUM TMPaBUJIbHBIA  TeTpa’3ap
B —" ABCD. Tlycts O — ero 11eHTp,

l ‘1 M — cepemnna AC, npsamas
"N 9/ M OM npoxonut depe3 cepeiuHy

‘ BD. Haiinem o6bem Tena, mosy-

DN~ qalolerocs [pyv BpallleHuu TeT-
- — pasnpa ABCD BOKpyr mpsimMoii
Y OM. Tlycts K — cepenuHa AB.

Puc. 25 KO = OM = “TJZ, KO u OM
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nepneHaukyIsapHel. Pacemorpum kBanpatr KOMP. Ort-
pe3ok AP neprneHAMKyJsSpeH IUIOCKOCTA KBajpara
KOMP n pasen ero cropoHe. YtoObl B 3TOM y0eauTbCs,
yIOOHO HOCTPOUTH TeTpal’ip IO Kyba, MpoBens 4depes
Kaxznoe peOpo IJIOCKOCTb, MapaljiebHYI0 ITPOTUBOIIO-
JoXHOMY pebpy (puc. 25). Torna P — cepeanHa coot-
BeTCTBYIOLIEro pedpa kydoa. O6beM Teda, oJyyaronero-
cs npu BpaieHuu rerpasgapa KOMA sokpyr OM, paBeH
IIOJIOBUHE MCKOMOro oObema. Jlig ero BbIUMCIIEHUS
MOXHO BOCIIOJIb30BaTbCs YTBEpXKAEHUEM 3anauun 13 u3
§ 6.2. CoriacHO YTBEpXJICHWIO 2TOW 3amaud, 00beM
3TOrO TeJla paBeH cyMMe 00beMOB LIMJIMHJIPa ¢ BICOTOM

OM = aT{Z u paguycom OK = aTﬁ (ero obbeM ncgzﬁ )

M KOHYCa TaKoii xe BrIcOTH (KP) 1 TaKOro Xe, KaK U 1u-
JUHJpP paauyca (B TP pa3a MeHbllle 00beMa [IUJIMHIPA).
O06beM Tea, OJIyvarolerocs py BpallleHU! BCETO TET-

3
paszpa, paBeH nalzﬁ .

63. Omeem: %ab2 ctg o.. O0O3HAYMM JAHHYIO MUpa-

muny ABCD. Ilycte AD = a. W3 ycinoBus cienyer, 4To
ZABD = ZACD = 90° IlycTtb Il OmpenesieHHOCTU
ZBCD = 90°. D10 03Havaert, 4yTo DC nepreHauKyispHa
mockoctd ABC u 9to LZABC = 90°. Ilonoxum AB = x,
CD = y. Umeem AC? = x2 + b% BD?> = b% + y? x? +

+ b?2 + y? = a% Ob6beM nupaMubl V = ébxy. Bocmnosib-
3yemcst Juist oO0bema opmysioit u3 teopembl 5.7 u

1
IpUpaBHAEM [Ba BbIpaXE€HUA I oObeMa: bey =

2 1
~3a 2
COKpAIlIEHHsI, BO3BEJIEM 95TO PABEHCTBO B KBaIparT.
[Monyunm a?h? = (bA(b? + x2 + y?) + x?»?) sino.
A mockonbky x? + b? + y? = a? mnoaydaem (mocie
npeobpaszoBaHuil) xy = ab ctg o.. 3HaUUT, 0OBEM paBeH

xA/b? + y2 . %y Jx2 + bZsin o. CuenaB HYKHbIE

%ab2 ctg o.
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2
64. Omeem: 5 [TocTpouts mnapasuienenurien, Tpu

pebpa KOTOpOro JiexaT Ha TpeX 3aJaHHbIX CKpeLIUBalo-
IIMXCcA NMPAMBIX, MOXHO ciefyromum obpasoM. IIpose-
IEM Y€PE3 OJHY M3 3alJaHHBIX IIPSIMBIX IUIOCKOCTb, I1a-
pajuiesibHyIO npyroi npsmoil. Torja Touka, B KOTOpPOid
3Ta IUIOCKOCTh II€peceKaeT TPETHIO MPSIMYIO, SIBIAETCS
BEPUIMHOW MCKOMOro napamienenunena. Ho mel npen-
JoxuM mHO#M 1nyTh. Paccmorpum npusmy ABCA,BC,.
ITocTpoum mnapajuienenunen, Tpu pedbpa KOTOPOro Je-
XKatr Ha puaroHansax AB,, BC, u CA,. lnd storo npose-

nem uepe3 CA, u cepenuny BB, (Touky P) miockocTs.
O6o3nauuM uepes K u M ee Touku repecedeHus ¢ AB;

BC I PK _PB _ 1

u BC, cooTBeTCTBEHHO. I10CKOIBKY 7 4 A4 -1 "
PB BM

=CC. = MC) npsamass MK mnapamnensna AC, u

MK = %AC - ATak, pebpa uckomoro napauiejnenurena

B TPU pa3a MEHbIIIE COOTBETCTBYIOIIMX JUaroHajei rpa-
Hell Ipu3Mbl. PaccMOTpUM B IIJIOCKOCTH TPeYyroJbHUKA
ABC touku E wu F rtakue, yuro B — cepenuna CE, a
ABFM — napannenorpamm. B nupamune AEFB, mio-
manp ocHoBaHus AEF B Tpu pa3a Oosblle IUIOLIAAN
TpeyronbHuka ABC. CienoBaTeilbHO, 3Ta NUPAMUIA
paBHOBeJIMKA AaHHOW npusMe. OTciofa ciemyer, 4To
o0beM Mapajuienenumena, pebpa KOToporo paBHbI U Ia-
pajulesibHbl JIMarOHAJISIM I'paHeil 1pu3Mbl, paBeH 6
(o6bem npusmel 1), a 06beM UCKOMOTO Mapasuiesenurie-
Ia B 27 pa3 MeHbLIE.

65. Bocnosbdyemcsi pesyibratom 3azaud 21 u3
naparpada 3.4. LZMAC = %(LDAC + ZBAC - ZBAD),

/MCA = %(LDCA + Z/BCA — ZBCD). Takum oGpa-

30M, LAMC = 180° - ZMAC - ZMCA = %(360O -
—4DAC - ZBAC - ZDCA - ZBCA + ZDAB +
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+ Z/DCB) = %((180“’ — ZDAC - /DCA) + (180° -

- ZBAC - ZBCA) + ZDAB + «4DCB) = %(LADC +
+ ZABC + £ZDAB + £ZDCB), uto u TpeboBaioch.

66. Omeem: 2 + /5. Obo3HAuUUM uepe3 ¢ IJIUHY
HaunboJbIero pedbpa terpasapa. [lousitHo, 9YTO ¢ — TH-
MOTeHY3a B JIBYX PAaBHBIX MPSMOYTOJbHBIX TPEYrOJbHU-
Kax — IpaHsX paccMaTpuBaeMoro Tetpaszapa. [lonoxum
KaTeThbl B 3TUX TPEYrOJIbHUKAX PaBHBIMU @ U b, IpuyeM
a < b (mokaxuTe, YTO paBEHCTBAa He MOXeT ObITb). [Ipu
3TOM M3 KaXIOro KoHUa pedpa IJIMHOH ¢ BBIXOIAT ABa
pebpa mnuHOi a u b. Ilyctb d — nnmHa ocraBuUIerocs
pebpa Terpasapa. IToHATHO, UTO Y MPSIMOYTOJIbHBIX TPE-
YIOJIbHAKOB CO CTOPOHAMU (9TO JIB€ OCTABIIMECS IPaHu )
a, b u d runorenysa pasHa b, a Menbinuii katet d. W3 no-
TO0MS IBYX MPSIMOYTOJIbHBIX TPEYTOJbHUKOB CO CTOPO-
HaMU: IIepBblii — ¢ (runorenysa), b (Oosbmmii KaTer),
a (MeHbILIUI KaTeT); BTOpoit — b (runoteHysa), a (00b-

y y c
mmit Karet), d (MEHbIINI KaTeT) MOoJIydaeM 5 =5 =

= ?—l = A. Takum obpasoM, a = M, b = A\d, ¢ = A\d.

ITo Teopeme Iudaropa b? = a? + d?, otkyma A* = A2 +
v12= LB st B

. lb—d dlb - al )
67. Omesem: arctg W uiM arctg = ——n, (cM. pettie

Hue). [lycte KP — o0umii neprneHaukyasip K 1aHHbIM
npsiMmbiM (K — Ha nipsimoit AB). I1posenem yepes K npsi-
MYI0, apaJuleJbHYIO BTOPOM NpsMoi (3Ta npsiMast nep-
NEeHAMUKYISIpHA NIpsIMOii AB) ¥ Bo3bMeM Ha Heil Touky M’
TakK, uto KM' = KM. ZAMB = ZAM'B. Tlonyuyaem 3aja-
uyy 1o mjaHunMerpun. Mmeercs npsiMoit yros ¢ Bepiuu-
Ho#i K. Ha ogHOM 13 ero cTopoH B3sThl TOUKU A 1 B Ha
paccrostHuu a U b ot BepumHbl. [lycte M’ Touka Ha npy-
roii cropone, KM’ > d. Halinute nanboJbinee 3HaueHue
yrna AM'B. Pemium 3ty 3anmady. IIpoBenem yepe3 A u B
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OKPY>KHOCTb, Kacalollylocs BTOPOi cTopoHBI yria. O6o-
3HauMM 4epe3 M, TOUKy KacaHusi CO BTOPOW CTOPOHOM.

Eciu KM, = Jab > d, 10 ZAM B n 6yneT HCKOMBIM Ha-

nOO0IBIIMM yIIoM (117151 Mo00# TOUKM M Ha BTOPOIi CTO-
poHe yriia, orinuHoi ot My, ZAMB < ZAMB). B unom

cllyyae HUCKOMBbIM Oymer yron AMB, rne KM, = d.

B orom cilydyae OKpyXHOCTb, ONKMCaHHas OKOJO Tpe-
yronbHuKa AM,B, BTOpUYHO IepecekaeT oTpe3oK KM,

BO BHYTPEHHel TOYKe, U IJIs JI000H TOUuKu M BHe 3TO-
ro orpeska ZLAMB < ZAM,B. WUrak, nosnydaem, ec-

T | Jgp = d, TO UCKOMBIA yron paBeH ¢ = LAM B =

b —al
= |LAM K - ZBMK |, tg ¢ =
| |, tg ¢ > Jab
d|b - al

ab + d*’

, B IIPOTUBHOM CJ1y-
vae (Jab >d), tg o =

68. Omeem: r + J2r2 — R2, eciu 2r> — R?> > 0. U3 yc-
JIOBUSI CJICNYET, YTO PACCTOSIHAE OT OOIIero IeHTpa
NaHHBIX chep M0 OCHOBAHUSI LWIMHIPA, BIUCAHHOTO
B Gosbinyio chepy, paBHor. CleIoBaTeNbHO, pagnyc
OCHOBaHWI IWIMHIOpA paBeH «R2?—r2. 3Hauut, pac-
CTOSIHME OT OOINEro IeHTpa IO OCHOBaHWs, BITUCAH-

HOTO B MeHbIIyio chepy, paBHO r2—(R2—r2) =

= ./2r?2 = R?. Takum o0Opa3om, 3ajiaua UMeET pelleHue,
ecau 2r> = R? > 0. B aT0M citydae BbIcOTa [IWIMHIIPA PaB-

Har + /2r2 - R2,

69. Touka A neaut pedpo JABYTPAHHOIO yIJia Ha iBa J1y-
ya AP n AE. PaccMOTpUM J1Ba TpEXTPaHHbIX YIJla ¢ Bep-
HIMHOM B Touke A. PeOpamu ogHoro sBisttores ayuu AP,
AB, AC, pebpa npyroro — ayun AE, AB, AC. llyctb
TouyKa K HaXoAUTCs BHYTPM IJ1I0CKOTO yriia BAP, a Touka
M — BHyTpu yria BAE. Bocrnoibdyemcsa pe3ysbTaToM

samaun 21 n3 § 3.4. UmeeMm LKAB = % (£PAB + £BAC -

— ZPAC), ZMAB = %(AEAB + ZBAC - ZEAC).
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CioxuB 5TU paBeHCTBa, IIOAYYMM, YUUTbIBasg, 4YTO
ZPAB + ZEAB = ZPAC + ZEAC = 180°, ZKAM =
= ZBAC.

70. Omeem: 1&. U3 ycnosus caeny-
3.3

€T, UTO BeplIMHA MUPaMUIbl IPOEKTU-

pyercsi B TOUKy P, paBHOYIQJEHHYIO OT

CTOPOH OCHOBaHMSI (TOUHEE, OT MPSIMBIX,

collepXalluX CTOPOHbI OCHOBaHWUS).

IIpu stom paccrosinve ot P 10 cTOpOH

7
OCHOBAHHUS paBHO i CienoBaTesbHo, N
Ny
B OCHOBaHUU JIEXUT HE Iapajljieio-
rpamMM. PaBHbIe CTOPOHBI SIBJSIOTCS CO- 10
cenHumu. Eciu Obl P Haxonujaoch BHY-
TPU OCHOBAHU$, TO ILIOIIAJAb OCHOBAHUS Puc. 26

112

—. Ho
J3
IJI0IIaIb OCHOBaHMSI He OoJbine 60 (oHa pasHsiercs 60,
€CJIM YIJIbl MeXJy HepaBHbIMU CTOPOHaMHU paBHBI 90°),

112
a — > 60. CienoBaresibHO, P pacroyioKeHa BHEe OCHO-

J3
BaHus (puc. 26). CoequHuM TOUKYy P ¢ BeplUIMHaMH Oc-
HoBaHus. Ilonyunm yeTslpe TpeyrojabHUKa ¢ o011el Bep-
muHOM B Touke P. OnHa cTopoHa KaXJ0oro — CTOpOHA
OCHOBaHMS, BbICOTAa B KaXJIOM TPEYTOJIbHUAKE U3 BEPIIU-

paBHsuiach Obl (10 + 6)% =

7
Hbl P paBHa ﬁ [1nomans ocHOBaHUS NOJTyYaeTCs, €CIU
MBbl CJOXHUM IUIOIIANNA OBYX TPEYTOJbHUKOB U BbIUTEM
womany nByx ocrasumxcs. [lnomans ocHoBaHus pas-

Ha (10 - 6)% = % O0ObeM nupamMuabl paBeH 31% .
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11 kanacc
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10
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_— = NN
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